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Abstract

The dynamics of a topological Markov chains D is considered that is defined
on a Markov graph, which arises as the oriented line graph from some finite
connected graph A with an additional feature: a map iy : EA — N from the
edges of A to the natural numbers specifies whether a backtracking into an edge
e € EA is allowed (i(e) > 1) or forbidden (ia(e) = 1).

Based on covering theory of graphs, geometrical methods are applied to de-
scribe the dynamics of D. A tree T, the universal cover of (A,14), is constructed
along with a group G, the fundamental group, acting by isometries on 7 with
quotient A = G\7 and projection 7 : 7 — A. Under the action of the larger
group {h € Is(7) : w o h = 7}, the space of bi-infinite reduced paths R7T is in
correspondence with the phase space of D. Using geometry on the covering tree
T, a border 7 (00) is constructed that allows to identify each path of R7 with
a pair of distinct border points and an integer number. As an application of
these coordinates, a-dimensional densities on 7 (c0) are found for G and will be
used to write invariant Markov measures for D, provided that the graph (A,ia)
is unimodular.

These measures enjoy a time-reversal symmetry. Together with the time

shift, they are ergodic if and only if (A,i4) # (circy, 1) for all N € N. They are

mixing if and only if (A,i4) # 1@ and (4,14) has two closed geodesics
of coprime lengths. In case of a minimal indexing (backtracking is allowed into
an edge e only if there is no other choice to continue and then i(e) = 2) they
resemble the Parry measure, which has an interpretation as the asymptotic

distribution of periodic orbits.
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Introduction

En todas las ficciones, cada vez que un hombre se enfrenta con
diversas alternativas, opta por una y elimina las otras; en la del
casi inextricable Ts’ui Pén, opta —simultdaneamente— por todas.
Crea, asi, diversos porvenires, diversos tiempos, que también pro-
liferan y se bifurcan.

Jorge Luis Borges, El jardin de senderos que se bifurcan (1941)

A graph is a finite selection of real line segments glued together at some of
their ends. A particle moves along a segment with constant velocity 1. Once the
end of the segment is reached, the particle is scattered with certain probabilities
into one of the segments that meet at the same end. In the chosen segment the
particle continues moving with constant velocity 1, and so forth. This is how a
classical dynamics on a graph is modeled by T. Kottos and U. Smilansky [1].
(Indeed, the main emphasis in their work lies on a quantum mechanical descrip-
tion corresponding to this dynamics.) This probabilistic model shall be replaced
by a deterministic dynamics.

The motion of a single particle from the infinitely far away past to the
infinitely far away future is described by its trajectory on the graph. A trajectory
is written as a map ¢ from the real line R to the graph. The particle’s location
at time ¢ is ¢g(t). An observer that moves with this particle at time s will be
located at

g(s+ At)

ix



after a time period of At. The change in aspect, from the probabilistic motion
to a deterministic motion, is done by considering the space of all possible trajec-
tories of a particle, instead of following one single particle along the time. This
space of all possible trajectories is called phase space in the theory of dynamical
systems. In the context of Riemannian manifolds, the space of trajectories of
a motion along geodesics with constant velocity 1 would be described by the
unit tangent bundle of the manifold. This thesis is motivated by the question
if there is a description of the phase space of the dynamics on a graph that has
a structure similar to the unit tangent bundle of a Riemannian manifold.

At first it shall be remembered what the dynamics looks like in phase space.
From a physical perspective, in order to describe a dynamics in terms of tra-
jectories, an observer must be aware of a trajectory in the form of information
about the location of its particle at all times, that is in the form of the function
g. If he asks a trajectory g about the location of its particle at time s, he will
get the information “the particle is at g(s)”. If he asks the same trajectory
about the location at time s + At, the trajectory will give the information “the
particle is at g(s + At)”. A translation along the real line is an isometry, so

there is a trajectory L(a¢)g in the phase space defined through

(Lang) (t) == g(At + 1)

for all times ¢. The observer, asking L(as) g about the location of its particle at
time s, will get back the same information as when asking g about the location
at time At + s and both agree for all times s. This is a universal property of all
trajectories g. The original dynamics can thus be translated to the phase space:
after experiencing the influence of the dynamics for a time period At, a phase
space element g will be transformed into La:(g). This is the starting point for
an investigation of the system in the context of dynamical systems.

There has been research on this kind of dynamical system by M. Coornaert
and A. Papadopoulos in [2] for instance. They considered a graph as a pair,
a metric tree together with a group acting by isometries on the tree. For in-
vestigation of the geodesic flow they used “Hopf type arguments” that depend
on geometry, in this case the geometry on the tree. Among other results they

proved ergodicity for certain natural invariant measures.



The deterministic point of view presented above is not far from the dynamics
we are going to discuss. Using segments of equal length 1, the analysis of the
dynamical system simplifies considerably. It is then decomposed by the time-1
map into (topological) factors [3]. In each of these factors the particles are syn-
chronized so as to be located at a constant distance to the previously traversed
end. A trajectory is now encoded by a Z-sequence of segment labels together
with the information on the direction along which the segment is moved. The
dynamics is given by a left shift on these sequences. In the formal graph con-
text that will be used, a segment label with a direction is written as an edge
e. The inverse edge € refers to the same segment traversed in opposite direc-
tion. The invariant measures (Markov measures) that can be used for the phase
space of sequences are in a natural correspondence with the probabilities of the

probabilistic model which was the starting point of our considerations.

Figure 1: A geodesic in the Poincaré disc.

An important new construction that will be done is motivated by the study
of compact Riemannian manifolds of constant negative curvature. These can
be described as a quotient of the Poincaré disc {z € C : |z| < 1} with a group
of Mobius transformations acting isometrically on the disk. In a topological
sense, the Poincaré disc is the universal cover of the compact manifold, the
group is its fundamental group. The free motion of a particle on the compact
manifold exhibits strong chaotic features [4]. The corresponding free motion on

the disc however is easily described by hyperbolic geometry. Geodesics in the
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disc are straight lines through the origin or segments of circles perpendicular to
the boundary S' = {z € C: |2| = 1}. Figure 1 shows an example of a geodesic.
Indeed a geodesic can be identified with a pair of distinct border points and a
real number to provide coordinates for further arguments. See also [5] for an

introduction to groups and geometry on the Poincaré disc.

Figure 2: A bi-infinite reduced path in a 3-regular tree.
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The analogue to the previous construction can be done for finite connected
graphs. Foundations can be found in works [6] by J.-P. Serre and [7] by H. Bass.
These find application in the work [8] by M. Burger and S. Mozes for instance.
A tree 7, the universal cover, will be constructed for a finite connected graph
A, along with a group G, the fundamental group. The fundamental group acts
by isometries on 7 with quotient graph A = G\7 and projection 7 : 7 — A.
The space R7 of bi-infinite reduced paths on the tree 7 is in correspondence
with the phase space of the dynamics on the graph A. The action of the so
called “full group” Gy = {g € Is(7) : mo g = m} on RT provides a bijection.
Geometry on the tree 7 is used to construct the so called border 7 (co) for 7.
Each bi-infinite reduced path can be identified with a pair of distinct border

points of the tree and an integer number. Figure 2 displays an example of a

bi-infinite reduced path in a three-regular tree.
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All that has been indicated in the last paragraph will be presented in detail.
Moreover, following ideas from M. Burger and S. Mozes, invariant measures
for the dynamical system are derived for the case of a unimodular group Gy.
The construction of these measures only involves the tree 7 and the group Gy.
In most cases, exactly one such measure is produced. This measure will be
introduced and explored in the last two sections.

As for further applications of geometrical methods on trees in the mathe-

matical literature, a current interest of research are eigenvalue equations
BF = \F

for functions F' from the vertices of a graph to the complex numbers and for
linear operators B on this vector space. A famous operator is the combinatorial
Laplacian given by

BF()= Y. F(y).

d(z,y)=1
Here d is the graph theoretic distance (length of the shortest path connecting
two vertices), so that B takes sums over adjacent vertices. Issues of research
in this area can be found in [9] by A.B. Venkov and A.M. Nikitin or in [10] by
A. Terras and D. Wallace. Up to now, both the graph under consideration and
a given covering tree for that graph are assumed to be regular with the same
degree, i.e. the number of edges with origin at a vertex is independent of the
chosen vertex. Important tools for their works are covering theory for graphs,
the border of a tree, horocycles, concepts that will be introduced and used here
as well.

This Thesis is organised as follows. Chapter 1 summarizes definitions and

basic properties of graphs. Paths will be written by sequences of edges
€1,...,€n

such that t(e;) = o(e;41) for all 1 < i < n. Quotients of graphs by groups are
introduced and will be used in a first application to give a positive answer to
the question, whether all distance preserving endomorphisms (isometries) of a
(locally finite) tree are symmetry maps (automorphisms). The only assumption

is the regularity condition of existence of a group of automorphisms producing
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a finite quotient graph. The statement holds true in a generalization of trees to
combinatorial graphs.

Chapter 2 establishes edge-indexed graphs (a function iy : EA — N is
added to a graph A) together with their distinguished paths, the geodesics. A

geodesic is a path, where, whenever a backtracking
a,a
appears in the edge sequence, then
ig(@) > 1.

A transition is written from edge-indexed graphs to their oriented line graphs
including a correspondence of geodesics with positive paths. This correspon-
dence is used in Chapter 5 for a description of the dynamics as a topological
Markov chain. Unimodularity is treated briefly with some examples. By a re-
sult of H. Bass and R. Kulkarni in [11], unimodularity of a graph (A4,i4) is
equivalent to unimodularity of the group Gy, which will be of importance when
writing Markov measures in Section 5.6. The remaining and main contents of
the chapter are about connectivity properties. A classification can be used in
Section 5.7 to give necessary and sufficient conditions for ergodic properties.
The classification is done with elementary arguments.

Chapter 3 introduces covering theory for graphs [6, 7] (there is a more
detailed overview at the beginning of the chapter). Fixing a base point zg
of VA, a universal cover 7 can be constructed for a finite connected edge-
indexed graph (A,ia). The tree 7 is locally finite and is a multiple cover for
A. The fundamental group G acts by isometries on 7 with quotient morphism

m: 7T — A and quotient graph
G\T = A.

Locally, the tree 7 covers each edge e of A by a number of is(e) edges (all
with origin at some vertex z € 7~ 1(o(e))). The full group Gy is defined as
{h € Is(T) : moh = x} and will play an important role when considering

quotients of path spaces in Section 5.2,
GA\R(T) = G(A,ia).
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Topologies on the isometry group of the cover 7 and the subgroup Gy are
introduced in generalization of ideas by A. Figd-Talamanca and C. Nebbia [12]
about regular trees. The group G is a locally compact Hausdorff group. Vertex
stabilizers are open and compact.

Geometrical methods based on the universal covering tree are founded in
Chapter 4. Two equivalent descriptions of the border 7 (c0) of a locally finite
tree 7 are given at the beginning. One of them defines border points as reduced
rays having a common initial vertex. The border can be seen as a metric space.
It is a complete metric space with “visual” metrics relative to vertices. The
different metrics are mutually equivalent. Their topology gives the border the
structure of a compact and totally disconnected topological space. The geomet-
rical concept of horocycles for border points w and a horocycle distance B, (z, y)
for vertices will be introduced. They serve in Section 5.3 to assign coordinates

to bi-infinite paths (without backtracking) of 7 by bijections
Ky R(T) — (T (00) x T(00)) \ diag x Z

with diag = {(n,n) € T(c0) x T(c0) : n € T(c0)} and vertices = of 7. Horo-
cycles will also appear in the definition of a-dimensional densities. The space
of their “measurable functions” on the border, the function space of locally
constant functions will be introduced at the end of the chapter. However, the
densities are written as positive functionals.

The dynamics on a finite connected graph (A,ia) is formally introduced in
Part III, Chapter 5. Its correspondence with a topological Markov chain is
written. Using the universal cover constructed in Chapter 3, the dynamics will
be lifted to the space of reduced bi-infinite paths on the tree. Taking that as
a base for further considerations, geometrical arguments are applied to assign
triples of coordinates to bi-infinite paths. Such a triple (a,w,n) consists of
two distinct border points «,w and an integer value n. Positive a-dimensional
densities, that are used in the work [8] by M.Burger and S.Mozes in a more
general context to write invariant measures directly, are proved in detail to
correspond to eigenvectors of a Perron Frobenius matrix. These vectors will be
used to write invariant Markov measures for the dynamical system. Examples
are provided and some properties of the measures are recorded. They have

a time-reversal symmetry. In the case of a minimal edge indexing, the Parry
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measure is obtained. The last section uses results from Chapter 2 for classifying
the considered dynamical systems according to their ergodic properties, whether

they are ergodic or mixing.
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Graphs



Chapter 1

A graph tool box

For a better suggestive understanding, an informal description of the graph
model may be convenient at the beginning. A graph can be seen as a street map
with each carriage way consisting of exactly two lanes, one in each direction.
This enables one to speak of the oncoming lane, the beginning and the end of a
lane (not of a carriage way).

Turning towards Mathematics, one may model this as a set of edges E (lanes)
together with a map e — € (allocation of the oncoming lane) satisfying € = e
and € # e. A pair {e,e} is called a geometrical edge (carriage way). Origin
(beginning) and terminus (end) of edges are called vertices, denoted as a set V.
There are maps o,t : E — V (assignment of beginning and end) with o(e) = t(€)
and t(e) = o(e).

As for further terms we make a choice out of two sources. The graph model
used is taken from Serre [6]. The term “reduced path” is taken from Bass [13].

“reduced paths” the name“geodesics”

In the context of trees, Serre gives these
(they are shortest paths). We use the word “geodesic” in the context of edge
indexed graphs (Section 2.1).

In the sense of other sources, as [14], a “graph” is equivalent to what we are
going to call a “combinatorial graph”. On the other hand, their definition of a

“multi graph” is similar to the following definition of a “graph”.



1.1 Graphs, morphisms and subgraphs

A graph T consists of a set X = VI, a set Y = EI' and the graph maps

Y — XxX, e — (o(e),t(e))
Y — Y, e — €

)

which satisfy for all e € Y
e=e,¢e+#eando(e) = t(e). (1.2)

The maps o and t are called point maps. An element x € X is called a vertex of
T, an element e € Y is called an (oriented) edge of T and € is called the inverse

edge. The map ~ is an involution on the set of edges Y. As ~ has no fixed

Figure 1.1: A wrong graph diagram

ofe) e * t(e)

]

points, its orbits provide a partition of ¥ into subsets {e, €} each of which has
two edges. Such a set including an edge together with its inverse is called a
geometric edge (see Figure 1.1) ! . The vertex o(e) = t(€) is called the origin of
e and the vertex t(e) = o(€) is called the terminus of e. These two vertices are
called the borders of e. Two vertices are called adjacent, if they are the borders
of some edge e. An edge b follows an edge a if o(b) = t(a), and we say then b
follows a at x for x = o(b).

We can form for every vertex € VT the set St' (z) = {e € ET : o(e) = z},
the star at « and write simply St(z). If St(z) is finite, then its cardinality is
called the degree of x, in short deg(z). Otherwise put deg(z) = oo.

If deg(x) = k for all vertices x € VI then T is called regular or more
specifically k-regular. If deg(z) is finite for all vertices, T is called locally finite.
We are only interested in locally finite graphs. A graph is called finite, when it

has a finite number of edges and vertices.

IFor an interpretation of diagrams compare page 8. Here both arrows represent the same
geometric edge — it is a wrong diagram. Two correct diagrams, representing a graph with
one geometric edge and two distinct borders, are given as examples on page 9.

3



1.1 Definition (Graph morphisms). For two graphs I'; and I's with corre-

sponding graph maps o,t,” and O,T,” respectively, a function

VIt — VI
EI'y, — EI

will be denoted simply by F' : I'y — I's. This function is called a morphism, if

F(o(e)) = O(F(e)) (1.3)
Fe) = F(e) (1.4)

holds for all e € EI'y.

If there is no danger of confusion, we do not distinguish between the graph
maps o,t and ~ of I'; and I'y’s maps O, T and ~ . The morphism rules read then
Foo=o0o0F and Fo ="0oF and we say F'isa o - and ~ - equivariant function.

Indeed, a function I'y — I'y, which meets (1.3) and (1.4) satisfies also
F(t(e)) = F(o(e)) = O(F()) = O(F(e)) = T(F(e)). (15)

fro all edges e € EI'1. A morphism is therefore a function, which is equivariant
under the graph maps (1.1). Conversely F(t(e)) = T(F(e)) together with (1.4)
imply (1.3). To verify the morphism property of a map F' between graphs, it is
sufficient to show, that F' is ~ - equivariant and equivariant under one of the
point maps.

A morphism is called injective, surjective or bijective, if the map on the set
of vertices and the map on the set of edges have these properties. A morphism
F : T — T from a graph to itself is called an endomorphism and we define
End(T") as the set of all endomorphisms of I'. A bijective morphism is called
an isomorphism, a bijective endomorphism is called an automorphism and we
define Aut (I") as the set of all automorphisms of T".

A morphism « from a graph 'y to a graph I's is locally injective, locally

surjective respectively locally bijective if the restriction
az s Sth(z) —  St'2(a(x))

N N
El, ED,

of a to the local map o, = algy(,) is injective, surjective respectively bijective

for each x € X.



1.2 Note (Properties of morphisms). Directly from the rules (1.3) and
(1.5) follow some properties of any morphism F', which might be expected for

a morphism to hold in the graph model:

e The origin of an edge e is sent under F' to the origin of F'(e), the terminus
of an edge e is sent under F' to the terminus of F(e). In particular, F

maps adjacent vertices to adjacent vertices.

e If an edge b follows an edge a at the vertex x, then F(b) follows the edge
F(a) at F(x).

1.3 Lemma. The composition of two graph morphisms is a graph morphism.

Proof. Suppose we have the situation I'y A, I £, I'; for three graphs
I'1,T'2,T's and two morphisms F; and F5. For each e € EI'y we obtain Fs o
Fi(o(e)) = Fa(o(Fi(e))) = o(FyoFi(e)) and FroFy(€) = F(Fi(e)) = Fy 0 Fi(e)
in accordance with (1.3) and (1.4). O

1.4 Definition (Subgraphs). A subgraph I of a graph T" consists of a set of
vertices VIV C VI and a set of edges EIV C EI satisfying

oEIY) < VI
EI’ = EI'.
In this case we write IV < T.

A subgraph may be generated by a set of vertices X C VI'. We denote by
(X)) the subgraph of T" with vertices X and edges {e € ET": o(e), t(e) € X}.

A subgraph I of a graph I is a graph. We take as graph maps (1.1) for TV
the restrictions of the graph maps for I". T is closed under these maps, since for
all e € EI” we get € € EI'V, o(e) € VEI"” and t(e) = o(e) € VI”. The restrictions
of o,t and ~ to EI” meet then the conditions (1.2) for all e € EIV, as they do

more generally for e € ET".
1.5 Example (Subgraphs of a graph TI).
e Any set VIV C VT together with EIV = ) forms a subgraph of T".

e A union EI" of geometric edges and a set VI containing the borders of

all that edges form a subgraph IV of T.



For a morphism F : 'y — I'y we define V(FT') := F(VI'1) and E(FT) :=
F(EI'1). FT; is then a graph in a natural way: By the morphism rules 1.3
and 1.4 we get O(F(e)) = F(o(e)) € F(VT;) = V(FT;) and F(e) = F(e) €
F(ET,) = E(FT) for all edges F(e) € E(FT).

It is also easy to verify, that both the intersection and the union of two

subgraphs are a subgraph.

1.2 Oriented graphs

An orientation of a graph I is a subset Y of Y = EI" such that Y is the disjoint

union of Y, and Y.
1.6 Lemma. An orientation exists for all graphs.

Proof. Consider the partition of EI' in orbits of = . Each block of the parti-
tion has two edges {e,€}. Using the axiom of choice we can form Y, as a set
consisting of one element out of each block.

Suppose some edge e is not in Y. Then € € Yy, and hence e € Y. That
shows Y = Y, UY,. Ife € Yy and e € Y, then e, € Y,. But this is a

contradiction to the choice of Y, . Together we conclude Y = Y, LY. O

1.7 Definition (Oriented graphs). An oriented graph is defined by a set X
of vertices, a set Y, of positive edges, a map Y, — X x X, e (o(e), t(e)) and
a bijection a from Y, to a disjoint copy Y, of Y. We can extend the graph

maps to the whole set of edges Y, UY, by

e = afe for all e € Y,
e = al(e)

ole) = t(e for all e € Y

tle) = ofe)

and obtain a graph by Lemma 1.8. A graph morphism between oriented graphs
is called orientation preserving, if all positive edges are mapped to positive

edges.

1.8 Lemma. An oriented graph is a graph with vertices X and edges Y =

Y, UY,. The set of positive edges Y, is an orientation for this graph.



Proof. We have to check (1.2). The graph map ~ , as introduced above, is
clearly a bijection on the edges Y = Y, LY, and fulfills € = e for all edges,
since if e € Yy then € = ae) = o 'ale) = e, while for e € Yy we have
g =al(e) = aa(e) = e. In the first case e = € gives the contradiction
e=¢=a(e) € Y, in the second case the contradiction € = a~1(e) € Y;.

By definition, o(a) = t(a@) for all @ € Y;. As a is a bijection from Y, to
Yy, t(b) = o(b) for all b € Yy implies o(c) = t(¢) for all ¢ € Y, and therefore
o(e) = t(e) for all edges e € Y.

Y., has been chosen disjoint to Y, hence Y, is an orientation for the graph.

O

1.9 Proposition. An oriented graph is defined (up to a trivial orientation
preserving automorphism) by a set X of vertices, a set Yy of positive edges and

amap Yy — X x X, e (ofe),t(e)).

Proof. We may choose bijections o : Yy — Y, and 8 : Y, — Y, to a disjoint
copy of Y;. Then with the bijection o and Lemma 1.8, a graph I', with vertices
X, edges Y = Y, UY, and orientation Y, is defined. The graph maps of I',
shall be written as o, t and ~ . In the same way one obtains from ( a graph
I's with graph maps O, T and ~ . We can now write a function F' (the trivial

orientation preserving automorphism) from I'y to I'g as

Y, — Yi, e — e

F:Y_+—>Y_+,e'—>

[N

X — X, z —

The proposition is proved, if we can show, that F' is a morphism, since bijec-
tivity follows directly from that of o and 3 and the orientation is preserved by
construction. Suppose ¢ € Yy and € € Y;. Then F(¢) = ¢ = é = F(e). If
e €Y, and € € Y, then F(e) :g:%:f‘\(g),

We have to check also the origin function. For e € Y we get F'(o(e)) = o(e) =
O(e) = OF (e), where the middle equality holds, because o and O coincide on Y5 .
Ife € V7, we get F(o(e)) = ofe) = t(z) = T(¢) = T(F()) = T(F(e)) = O(F(e))

using F'o =" o F" and the coincidence of T and t on Y;.. |



Figure 1.2: A first graph diagram

L RANE

1.3 Diagrams

Graphs are represented pictorially in accordance with the following convention:
a point marked on the diagram corresponds to a vertex of the graph, a line
joining two marked points corresponds to a geometric edge.

We draw an arrow instead of a line in diagrams of graphs, if we want to refer
to an edge rather than to a geometrical edge with some label (cf. Figure 1.4).
In oriented graphs, arrows are used to identify origin and terminus (direction)
of positive edges (cf. Figure 2.9 on page 36).

Sometimes, when drawing large graphs, we avoid drawing vertices (i.e. we
remove them after drawing the lines), as for example on page 16 or on page 72.
Not alway is it then possible to recover the structure of a graph from the dia-

gram, still it will remain intuitively clear in the indicated examples.
1.10 Example (Graphs and diagrams).
e The graph having one vertex x and two edges e,e is represented by each

of the diagrams in Figure 1.3.

Figure 1.3: Diagrams with one point and one line
x @ {e,e} x Q e

e The graph having two edges e,e, with two distinct borders x,y as only
vertices is represented by each of the diagrams in Figure 1.4. The first
diagram does not specify if z or y is the origin of e. The second diagram

does.



Figure 1.4: Diagrams with two points joined by a line

{eaé} (&
€r &———o y

e The diagram in Figure 1.5 represents a graph with three vertices z,y, z

and eight edges a,@,b,b,c,¢ d,d. The diagram specifies o(a) = t(a) =

Figure 1.5: Another diagram
b

o(a) =t(a) = z. a,b, c,d have borders z, z; z,y; x,y and y, z respectively.

1.4 Special morphisms and their features

1.4.1 Paths — distance and connection

Paths are fundamental constituents in the language of graphs. Several opera-
tions will be defined for paths and some path-related attributes can be given to

graphs.

1.11 Definition (Paths). Let n > 0 be an integer. The oriented graph path,,
has n + 1 vertices 0, 1,...,n. The orientation is given by the n edges [¢,i + 1],
0 <4 < n, where o([¢,7 + 1]) = @ and t([i,3 + 1]) = i + 1 (see Figure 1.6). A
morphism p from Path,, to a graph I' is called a path, n is called the length of
p and will be denoted as len(p).

The positive edges [¢, i + 1] of Path,, map under p to the sequence of n edges
p([07 1])7 e ,p([n - 17”])7
called the edge sequence. These edges satisfy t(p[i,i + 1]) = o(p[i + 1,1 + 2]),

9



Figure 1.6: The graph path,,

1 n—1 n

—_— ——— > ¢

[0,1] [n—1,n]

is called vertex sequence. Two consecutive vertices of the vertex sequence of a
path are adjacent.

For n > 0, a sequence of n edges e1,...,e, in a graph I satisfying t(e;) =
o(e;41) for 1 < i < n defines a graph morphism p from Path, to I' by putting
F([¢,34 1]) := e;+1 and extending this function by the morphism rules. Hence

a path p for len(p) = n > 0 may be defined as
p= (ela s 7611) € (EF)’"« (17)

with t(e;) = o(ej41) for all 1 < 4 < n — 1. It will be convenient to change
between the preceding two definitions of paths.

For completeness one should mention also paths of length zero. The graph
Pathg consists of a single vertex and no edges. A path of length zero is repre-
sented by a vertex in a graph and has an empty edge sequence. The following
operations defined for paths of positive lengths can be extended to paths of

length zero without ambiguity and will be used frequently.

For a graph I" and a path p = (e1,...,e,), we assign to p the origin o(p)
and the terminus t(p)
o(p) = o(e1)

t(p) = tlen)

and say, that p joins o(p) with t(p), or that p is a path from o(p) to t(p). If F

is a morphism from I" to another graph, we know from Lemma 1.3, that F'op

10



is path in FT and it is easy to verify, that

Fo(p) = oF(p)
Ft(p) = tF(p).

We assign to p the inverse path

P=¢n,...,E1.

This assignment indeed defines a path, since t(e;57) = o(e;+1) = t(e;) = o(e)

holds for all 1 < ¢ < n — 1. Obviously

p = p

(1.9)
o(p) = t(p).

For morphisms F from I' to another graph we get F(p) = (Fep,...,Fei) =
(Fen,...,Fer) = F(p) and hence

F(p) = F(p). (1.10)
For two paths p = (e1,...,e,) and ¢ = (a1,...,a,) the composition is
defined as the edge sequence
PG = (€1, ., €nyA1,...,0n).

If t(p) = o(q) holds, then of course pg is a path (t(p) = o(q) is equivalent
to t(en) = o(a1)). A path p = (e1,...,e,) is called closed if and only if the
composition pp is a path. Note that this is equivalent to t(e,) = o(eq).

A path p = e1,...,e, has first edge e; and last edge e,. p leads from its
first edge to its last one. For two paths p = (e1,...,e,) and ¢ = (a1, ..., am),

the concatenation of p and ¢ is defined as the edge sequence
PAG= (€1, - ,€n_1,a1,...,0m).

Clearly, the concatenation of two paths p and ¢ is a path whenever e, = a3 —

and it will only be used in that case.

1.12 Definition (Vertex distance). Let I" be a graph. We define a distance

between vertices by

. p is a path
d(z,y) =inf ¢ len(p)
joining x with y

11



(note that the infimum of an empty set is +00). A graph T is called connected
if and only if each pair of vertices is joined by a path. The connected component

C(x) of a vertex x in a graph I is the subgraph ({y € VI" : d(z,y) < o0}) < T.

1.13 Lemma. If T is a connected graph, then the distance d is a metric on

the vertex set VI'.

Proof. Trivially d(x,y) =0 < x = y. If p joins x with y, then P joins y with x.
As len(p) = len(p) we obtain d(z,y) = d(y,x). If p is a path joining = with y
and ¢ is a path joining y to z, then pq joins x with z. If we chose p and ¢ minimal
in length, then we get d(z,z) < len(pq) = len(p) + len(q) = d(z,y) + d(y, 2).
This shows transitivity. O

1.14 Lemma. If A is a connected graph, then F(A) is connected for all mor-

phisms F on A.

Proof. Each two vertices of F'(A) are of the form Fz, F'y for two vertices z,y €
VA. There is a path p from x to y in A by connection. The composition F o p
is a path in F'(A) from Fz to Fy. O

1.15 Lemma (Basic properties of connected components).
e A connected component is a connected subgraph,
e a graph is the disjoint union of its connected components,
e a graph is connected if and only if it has exactly one connected component.

Proof. A connected component is connected because all its vertices are mutually
within finite distance hence linked by a path. The connected components of
a graph trivially cover the same graph. If two components have non-empty
intersection, the intersection as a subgraph has a vertex, which lies in both
components. The components coincide. As for the last statement, the first two
statements give one direction. Conversely, if a graph is connected, then clearly

all connected components coincide. O

We will need to use non-finite paths. There is the one-sided version path .,
which has vertices 0,1,2,... The orientation is given by the edges [i,i + 1],
i € Np, where o([¢,7 + 1]) = ¢ and t([¢,¢ + 1]) = i + 1 (compare Figure 1.7).

12



Figure 1.7: The graph path_

0
Pathoo = [} ° °
[0,1] [1,2]

A morphism p from Path., to a graph I' is called an infinite path or a ray.
There is the two-sided version 73, with vertices Z. The orientation is given
by the edges [i,i + 1], i € Z, where o([i,i + 1]) = ¢ and t([i,i +1]) =i+ 1
(cf. Figure 1.8)%2 . A morphism p from 73 to a graph I is called a bi-infinite

Figure 1.8: The graph 7

E: RN ] [ ] [ ] [ ] @ -+ - -

path. As in the case of finite paths we can identify a ray with its edge sequence
p([0,1]),p([1,2]),.... Similarly we identify a bi-infinite path p with the edge
sequence (..., p[—2,—1],p[—1,0],p[0,1],p[1,2],...)% .

1.16 Definition (Segments of paths). Given a path of length n > 1 (I =
{1,...,n}), aray (I = N) or a bi-infinite path (I = Z) by its edge sequence
p = {e;}icr, a segment of p of length I > 0 is a path of the form ey, ..., €411
with {k,...,k+1—1}C I.

1.17 Definition (Positive paths). A positive path in an oriented graph T’
with orientation Y} C EI is a path, which has an edge sequence including only
positive edges, i.e. edges of Y. A path p is called a closed positive path, if p is
a positive path and p is closed. We define

P(T)

as the set of positive bi-infinite paths in T.

275 is also called the 2-regular tree
3A Z-sequence of edges is a function from Z to some edge set, not only an ordering on a
countable edge set.
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1.4.2 Circuits — combinatorial graphs and trees

Let n > 0 be an integer. Consider the oriented graph circ,, with n vertices
0,...,n — 1 and n positive edges [0,1],...,[n — 1,0], where o([i,i + 1]) = ¢
and t([¢,7 + 1]) = ¢ + 1 (¢ mod n). There is a diagram of circ,, in Figure 1.9.

0 [0,1]

_—

l
[n—1,0]

n—1-=e

circ, =

e R T

Figure 1.9: The oriented graph circ,

Isomorphic images of these graphs are called circuits. The graph circ; is also

called a loop (see Figure 1.3 on page 8).

1.18 Definition (Combinatorial graphs). A graph is called combinatorial

if it has no circuits of length < 2.

Serre argues in [6] Chapter 2, that the structure of a combinatorial graph
is fully described, if one knows about adjacency of the vertices, because each
ordered pair of adjacent vertices is joined by a unique edge. Therefore we can
label the edges conveniently by their border points. If z and y are adjacent,
then (z,y) denotes the unique edge from x to y, and (y, z) the unique edge from

y to z. In particular (y,x) = (z,y).

1.19 Lemma. A function F : VA — VB from the vertices VA of a graph
A to the vertices VB of a combinatorial graph B mapping adjacent vertices to

adjacent vertices extends to a unique morphism from A to B.

14



Proof. For each edge e € A, the vertices F(o(e)) and F(t(e)) are adjacent in B.
They are linked by the unique edge (F'(o(e)), F'(t(e))). So there is no other way
than to put F(e) := (F(o(e)), F(t(e)) in order to comply with (1.3) and (1.5).
The rule (1.4) is verified by F(e) = (F(o(e)), F(t(e))) = (F(t(e)), F(o(e))) =
(F(o(e), F(t(e))) = F(e). O

We use this property to simplify notation. The vertex sequence of a path
determines by Lemma 1.19 the entire path. This allows us to identify a path
with its vertex sequence, provided, that it is a path in a combinatorial graph.
In a general graph this reduction may lead to ambiguity. A path defined by
an edge e of a loop for instance had a vertex sequence (o(e),t(e)), the same

sequence as the path € has.

1.20 Definition (Trees). A tree is a non-empty connected graph without

circuits.
1.21 Example (Combinatorial graphs).
e Every tree is a combinatorial graph.

e Figure 1.2 on page 8 shows a diagram of a graph. The connected compo-
nents (from left to right) are a tree, a combinatorial graph, a combinatorial

graph, a combinatorial graph and a tree respectively.

A segment of the form (e, ) in a path is called a reversal. A reduced path in
a graph I' is a path p, that has an edge sequence without reversals. An infinite
path is called reduced, if each of its segments of length two is reduced. We

define
Reo() := {reduced raysin I'}

R(T') := { reduced bi-infinite paths is I'}
The involution ~ maps reduced paths to reduced paths because b =a = a = b.

A path p is a closed reduced path if and only if the composition pp is a reduced
path 4 .

1.22 Proposition. Two vertices in a tree are joined by a unique reduced path.

This reduced path is an injective path.

4The composition of two reduced paths does not need to be a reduced path, as the example
aa shows for edges a.
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Proof. A proof shall not be given here. There is a very concise proof in [6]. O

This fundamental property will avail notation: [z, y] is defined as the unique

reduced path from z to y for vertices x,y of a tree.
1.23 Definition. A k-regular tree (k > 2) will be denoted as 7.

Two k-regular trees S and 7 are isomorphic. A morphism from S to 7
can be chosen locally bijective. This morphism is then an isomorphism (cf.

Section 1.4.3). In Figure 1.10 a part of 7 is drawn.

Figure 1.10: 4-regular tree

N4

N4
£

£

The following general statement will prove useful: If I' is a graph, x, z are

vertices of I" and p is a path from z to z, then d(z, z) = len(p) implies p is reduced
(otherwise there was a shorter path from z to z, compare Definition 1.12). The

definition of the vertex distance can therefore be restated as
d(z,y) = inf {len(p) : p is a reduced path joining = with y }. (1.11)

1.24 Lemma. Suppose T is a tree, x,z € VT and p is a path from x to z.
Then

o d(z,2) =len(p) if and only if p is reduced,

e d(z,z) =len(p) mod 2.

16



Proof. Above we saw, that d(x, z) = len(p) implies that p is reduced in a general
graph. In case of a tree we know about uniqueness of reduced paths, hence

d(z, 2) e inf {len(q) : ¢ is a reduced path joining = with z }
inf {len(q) : ¢ = [z, 2]}

= len[x, z].

Proposition 1.22

If p is reduced, then p = [z, 2], hence d(z, z) = len(p).
For the second assertion, one may remove all reversals from p ending up with
the reduced path [z, z]. Each reversal has length two, so p has been shortened

by an even number. O
1.25 Lemma. Suppose T is a tree and z,y,z € VT . Equivalent are

a) [z,y][y, 2] is reduced,

b) [z, 9lly, 2] = [z, 2],

c) y € lx,z],

d) d(z,y) +d(y, z) = d(z, z).
Proof. With Lemma 1.24, these properties follow easily. O
1.26 Lemma. If 7 is a tree, e € ET and x € VT, then d(x,0(e)) # d(z,t(e)).

Proof. We choose p = [z,0(e)] and ¢ = [z,t(e)]. Pq is a path from o(e) to t(e).
d(o(pq),t(pq)) = d(o(e), t(e)) = 1, since e is reduced. len(pg) = len(p)+len(q) =
2 -len(p) if we suppose that d(z,o(e)) = d(x,t(e)). This is a contradiction to

Lemma 1.24’s second assertion. O

1.4.3 Corollaries of local behavior

Sometimes it is possible to derive a global property of a morphism from its local

behavior® . Suppose A and B are graphs and ¢ is a morphism from A to B:
a) If A0, B is connected and ¢ is locally surjective, then ¢ is surjective.

b) If A is connected, B has no circuits and ¢ is locally injective, then ¢ is

injective.

5This nice enumeration is copied from H. Bass [7]. There is a proof below for “easy
verification”.
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c) If A # 0 is connected, B is a tree and ¢ is locally bijective, then ¢ is

bijective.

a) If B has no edges, then by connection it consists of a single vertex. This
case is trivial. Let e € EB and = € V(¢A). By connection of B there is a
path p in B from z to o(e). Since x is a vertex of ¢A, it follows inductively
that the edge sequence of p is in E(¢(A)), using only local surjectivity. Hence
o(e) = t(p) € V(pA) and therefore e € E(¢A) by local surjectivity again. This
shows E(¢pA) = EB, hence ¢A = B by connection of B.

b) We show first, that ¢ : VA — VB is injective. Suppose z,y are vertices
of A. We can choose by connection a reduced path r from x to y. As ¢ is locally
injective, it maps reduced paths to reduced paths, hence ¢ o r is a reduced
path in the connected component C(¢(z)) < B of ¢(x). This component is
connected, hence a tree, and we can write ¢(r) = [¢(x), d(y)]. If ¢(x) = ¢(y),
then len(¢(r)) = 0, hence len(r) = 0 hence z = y. For two edges a,b we may
assume ¢(a) = ¢(b). Then by injectivity on vertices one has o(a) = o(b), hence
by local injectivity a = b.

¢) This is the logical conjunction of case a) and case b).

1.5 Group actions on graphs

1.5.1 Quotients of graphs

In the first section of this chapter we saw already, that a composition of mor-
phisms is a morphism (cf. Lemma 1.3). Moreover, if F' is an isomorphism from
a graph I'; to a graph I'y, then the inverse function F~! from I's to I'y is also an

isomorphism. For every edge d € ET's and e = F~1(d) one verifies the equations

—_
—

U
=

F~Y(d) = F~Y(F(e)) = F~'F(g) =2 = F1(d)
F=H(0(d)) = F7H(O(F(e))) = F~'F(o(e)) = o(e) = o(F~*(d)).

We are mostly interested in automorphisms of a graph I'. So we take I'; = I's.
From the above discussion one can see that the set Aut (I') of automorphisms of
a graph I' is a group under composition. We call it the automorphism group of
I". An automorphism F' of a graph I is called an inversion, if there is an edge

e € ETI" such that F(e) =e.

18



1.27 Definition (Quotient graph). If a group G acts on an graph T' by

automorphisms and without inversions, we define the quotient graph
G\T.

This graph has vertices V(G\I') := G\VI' = {Gz : x € VI'} and edges
E(G\I') := G\ET = {Ge : e € ET'} (cf. Appendix B).

G\T is indeed a graph. Due to the equivariance of a morphism under graph

maps, the equations

o(Ge) = Gol(e)
t(Ge) = Gt(e) (1.12)
Ge =Ge

hold and can be used to define graph maps (1.1) for the quotient graph. These
maps already obey the graph rules (1.2), since by repeated application of (1.12)
we get Ge = G = Ge and o(Ge) = Go(e) = Gt(e) = t(Ge) = t(Ge), except
possibly the rule Ge # Ge.

The condition on inversions must be taken into account at this point. If an

element g € G is an inversion, say g(e) = € for e € EI', then Ge = Gg(e) =
€ = Ge violates (1.2). Conversely if there is an edge Ge € E(G\I') such that

g &l
9]

= Ge, then Ge = Ge implies the existence of an group element g € G with

e = g(e), thus there is an inversion.

1.28 Definition (Quotient morphism). If a group G acts on an graph I" by
automorphisms and without inversions, we define a quotient map = : T' — G\I' in
addition to the quotient graph G\TI'. 7 is specified by 7(z) = Gz and w(e) = Ge

for vertices z and edges e. The above equations (1.12) then translate to
o(m(e)) = m(o(e))
w(e) = w(e)

and prove, that the quotient map is a morphism of graphs.

(1.13)

Suppose a group acts without inversion on a graph A with quotient graph
B and quotient map 7 : A — B. Then for paths ¢ in B and vertices x in A, a

path p in A is called a lift of q at x, if the equations

o(p) x

Top = ¢



hold. If the first equation is not important, then p is called simply a lift of q.

1.29 Lemma. Suppose a group G < Aut (A) acts without inversions on a graph
A with quotient graph B = G\ A and quotient morphism w. Then for all paths

q in B and all vertices x € m=*(o(q)) there exists a lift q of p at x.

Proof. For paths of length one, say ¢ = ¢ € EB and z € 7 {o(e)}, one
can choose by surjectivity of the quotient map an edge a € 7w 1{e}. Since
m(o(a)) = o(m(a)) = o(e) = w(x) there is a group element g with g(o(a)) = z.
Then the path p = ga satisfies the required properties. For larger paths, one can
augment inductively a shorter path by composition of an edge to the terminus

of the shorter one. O

1.5.2 Isometries of a tree

An endomorphism F' of a graph I is an isometry if d is invariant under F. We

write Is (T') for the set of isometries of T, i.e.
Is(I')={F € End(I") : d (F (), F (y)) =d(z,y) for all z,y € VI'}.

We say that Is(I') is the isometry group of the graph I, if Is(I") is a group, as
for example in the case Is (I') = Aut (T').

Clearly Aut (T') C Is(T"). For z,y € VI we can choose a path p : path, — T
with o(p) = x,t(p) = y. Then Fopis also a path with o(Fop) = F(z),t(Fop) =
F(y),ie. d(F(z), F(y)) < d(z,y). If we argue with F'~! instead of F', we obtain
d(z,y) < d(F(x), F(y)), whence F € Is(I").

The converse however is not always true. At least an isometry F' is injective
on the set of vertices in general, since F'(x) = F(y) if and only if d(F'(z), F'(y)) =
0 if and only if d(z,y) = 0 if and only if x = y by the metric properties of d.
F does not need to be injective on the edges, since for two different geometric
edges with the same borders, an isometry may map both edges to a single one,
preserving injectivity for vertices (cf. Figure 1.11). If T' is combinatorial, then
each isometry h € Is(I') is an injective endomorphism. Suppose h(a) = h(b)
for two edges a,b. Then ho(a) = o(ha) = o(hb) = ho(b) gives o(a) = o(b)
and analogously t(a) = t(b). This shows a = b because I' was supposed to be

combinatorial. We verified:
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Figure 1.11: A non-injective isometry

1.30 Lemma. FEvery isometry of a combinatorial graph is an injective endo-

morphism.

Clearly Is(I') = Aut(I'), if we consider only finite combinatorial graphs
I". What can be said about surjectivity more generally? Surjectivity follows
inductively from connection and local surjectivity (cf. Section 1.4.3). In turn
local surjectivity holds for isometries on k-regular combinatorial graphs because
of local injectivity (if & is finite), examples are k-regular trees 7.

Yet we need to work with more general locally finite trees in Chapter 3
and later. Unfortunately (see Figure 1.12) there are examples for isometries on

locally finite trees, which are not surjective.

Figure 1.12: This locally finite tree (solid lines) has an isometry which is not
surjective. A left shift may be applied. The shifted tree is drawn by dashed

lines.

O D D P S

Fortunately we can give a proof of local surjectivity for isometries on com-
binatorial graphs which have a strong regularity. For n, N € Ny and vertices
x € VT we define W, (z) := {y € VT : d(z,y) = n} and By(x) := {y € VT :
d(z,y) < N}t = Up<nen Wa(2).
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1.31 Proposition. Suppose A is a locally finite combinatorial graph, G <
Aut (A) and the quotient graph B = G\A is finite and connected. Then all

isometries of A are locally surjective.

Proof. If an isometry h is not locally surjective, then there is y € VA with
ISt (y)| < |St(hy)| since an isometry on a combinatorial graph is injective. We
write y = 7y and N := max{d(y,x) : x € VB} + 1. Since A is combinatorial
we can identify St*(z) = {e € EA : o(e) = z} with {2’ € VA : d(z,2') = 1}.

We can prove by induction

For every k > deg(y) there is a vertex y(k) € VA,
such that St*(y) C By (y(k)) and | By (y(k))| > k.

To prove the root of induction we put for k = deg(y) y(k) = y. Then St?(y) C
Bn(y(k)), hence in particular |By (y(k))| > k.

For an induction step let z := w(hy(k)) (7 is the quotient map). For n =
d(y,z) < N — 1 there is a path p of length n > 0 in B from y to z. By
Lemma 1.29 we can choose a path g with origin y such that p = 7 o ¢ and we
set

y(k +1) = t(q).

For i/ € St4(y) we get

dly(k+1),y") < d(y(k+1),y)+d(y,y') = d(t(g),0(q)) +1
< len(¢g)+1 = n+1 < N

and hence St*(y) € By (y(k +1)).

Note w(y(k+1)) = 7 (t(q)) = t(w(q)) = t(p) = z. Therefore there is an auto-
morphism v € G satisfying y(k + 1) = vh(y(k)) (cf. Figure 1.13), in particular
v: By (hy(k)) — By (y(k+1)) is a bijection. Thus |By(y(k))| < |Bn(hy(k))| =
|Bn (y(k + 1)), the inequality because of St(y) C Bn(y(k)) and since h is an
(injective) isometry. We get |By(y(k+1))| > |Bn(y(k))| +1 > k+ 1.

By Lemma 1.32 there is a constant B such that |[By(z)| < B independently
of the vertex 2 € VA. For k = max{|St*(y)|, B + 1} we get the contradiction
|Bn(y(k))| < B <k <|Bn(y(k))|. his locally surjective. O
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Figure 1.13: Induction pace

1.32 Lemma. Suppose a group G < Aut(A) acts on a locally finite graph
A with finite quotient G\ A, then Dpax := sup{deg(y) : y € VA} < oo and
By ()] < 14 Diax Soh— o (Dinax — 1)™ for all vertices x € A.

n=0
Proof. sup{deg(y) : y € VA} = sup{deg(¢y’) : ¢ € Gy,Gy € V(G\A)} < o0,
since all vertices in an orbit Gy have the same finite degree and since G\ A is

finite. The statement is proved by Lemma 1.33 O

1.33 Lemma. If A is a graph and D € N a constant, such that deg(xz) < D

for all vertices x € VA, then

Proof. We put R, (z) for the set of reduced rays with origin « of length n for
n € Ny and z € VA. We are going to prove by induction, that |R,(z)| <
D(D —1)""! for all n > 1. Ry(x) = St(x), hence |R;(z)| = |St(x)| < D. For
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alln >1

Ry (z) =
= {e1,...,ent1 reduced path, o(e1) = x}
= {ei1,...,en,e€1,...,6, reduced path, o(e1) = z,e € St(t(en)) \ n}
U {e1,...,en, e e € St(tlen)) \ &n},

61:~~~7en€Rn($)

therefore [Rni1(2)] = >0 (ISt(t(p))] = 1) < [Ru(2)|(D —1) < D(D —1)".
The map assigning thepteé?;r(lﬁlus to a path, ¢ : R,(x) — VA, has the property
Wy (z) C t(Ry(x)), since d(z,y) = n implies the existence of a path p from x to
y of length n. This path is reduced (cf. the paragraph before equation (1.11)).
Hence |[W,(z)| < |Rn(x)| for all n > 1. Trivially Wy(z) = 1, so |Bn(z)| =
Zﬁ;o [Wh(2)] < Zf:o | Ry, ()| finishes the proof. O

1.34 Proposition. Suppose a group G < Aut (A) acts on a locally finite and
connected combinatorial graph A with finite quotient graph G\A, then Is (A) =
Aut (A).

Proof. Aut (A) C Is(A) has been discussed at the beginning of this section.
Conversely, we saw also, that each isometry is injective, if A is combinatorial.
To show surjectivity of a given isometry h, we can use Proposition 1.31 because
connection of A implies connection of G\ A by Lemma 1.14 and by surjectivity
of the quotient morphism. Since by this proposition h is locally surjective and
since A is connected, we can apply argument a) from Section 1.4.3 to gain

surjectivity of h. This shows Is (A) C Aut (A). O

1.35 Corollary. Assume a group G < Aut (T) acts on a locally finite tree T
with finite quotient graph G\T, then Is(7T) = Aut (7).

Proof. A tree is a connected combinatorial graph, hence the assertion follows

from Proposition 1.34. |
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Chapter 2

Edge-indexed graphs

In view of Part III, this Chapter can be given some motivation. Finite edge
index graphs and geodesics constitute the basis whereon a dynamical system
will be established there. These concepts are presented in the first section.
Uni-modularity will have some importance in connection with isometry groups
of the universal cover (cf. Chapter 3). The oriented line graph of an edge-
indexed graph is introduced in Section 2.2. The connection properties of this
line graph determine the ergodic properties of the dynamical system. Therefore

in Sections 2.4 and 2.5 a classification of these graphs is presented.

2.1 Geodesics

To a finite connected graph A we add a new structure, a function
ip :EA—N

and call i(e) the index of an edge e. (A,i4) is then called an edge-indezed graph.
In diagrams we must assign two numbers to each geometric edge. The index
of an (oriented) edge will be written closed to its origin (see Example 2.5). An
edge-indexed graph (A,i4) with constant indexing i(e) = 1 for all e € EA is
denoted by (A,1). We say that an indexing iy of a graph A is greater than an
indexing iy, if ia(e) > i;1(e) for all edges e € EA and write this as iy > 1.

Additionally to paths and reduced paths we define another “type” of paths.
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A geodesic of length n > 1 is a path
€1,...,€n

satisfying b = @ = i(b) > 1 for all segments a,b of length two. Note that every
reduced path is a geodesic. But there are more geodesics than reduced paths,
because backtracking is allowed into edges e, whenever i(e) > 1. Observe also,
that ~ maps geodesics to geodesics, since (b=a = i(b) > 1) & (b=1a = i(a) >
l)e (@= b= i(@) > 1) for all segments a, b of length two.

An infinite geodesic is an infinite path where every segment of length two is

a geodesic. We define
G(A,ia)) := {bi-infinite geodesics in (A,ias)}

A path g is called a closed geodesic if and only if the composition gg is a geodesic.

2.2 Oriented line graphs

To an edge-indexed graph (4,i4) we associate its oriented line graph L1(A,ia).
By Proposition 1.9 we can define an oriented graph by specifying a set of vertices
and positive edges together with the borders of these positive edges. The set of
vertices of LT (A,i4) are the edges of A.

VLT (A,ia) :=EA
The orientation of £LT(A,i4), is given by the set of positive edges
ELY(A,ia)s = {(a,b) € EAXx EA:a,bis a geodesic in (A,i4)}.

Origin and terminus are o(a,b) = a and t(a,b) = b. In diagrams we draw always
the positive edge of each geometrical edge as an arrow.

The oriented line graph is not a combinatorial graph in general, as the way
of writing edges might suggest. If an edge-indexed graph has two geodesics a, b
and b, a (a # b), then we obtain two positive edges (a, b) and (b, a). In particular
(b,a) # (a,b).

The correspondence of Lemma 2.2 extends to infinite paths through applica-
tion to their finite segments. We therefore obtain a one-to-one correspondence

between the set G(A,i4) of bi-infinite geodesics of (A4,i4) and the set PLT(A,14)
of bi-infinite positive paths of L1 (4,i4).

26



2.1 Example (Derivation of oriented line graphs).

e from path; in Figure 2.1:

Figure 2.1: Oriented line graphs derived from path,

1, 1

Lt o ———» o = a e e q
2, 1

Lt e — > = Q e<+~————— o
2, T

E"" « ———» o = a4 e < Teq

e from circ; in Figure 2.2:

Figure 2.2: Oriented line graphs derived from circ;

2hey
2hey
1O

|

|

©,
©,
(==

e As a generalization of the first graph in Figure 2.2 we have LT (circ,, 1) =
cire, U circ,. The oriented line graph of (circ,, 1) is the disjoint union of

two copies of circ,,.
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2.2 Lemma. There is a one-to-one correspondence between geodesics of length
greater equal than one in (A,i4) and positive paths of length greater equal than

zero in LT(A,ia).

Proof. Geodesics of length one are exactly the edges, which correspond by defi-
nition to the vertices of LT (A,i4) and represent there (positive) paths of length
zero. We may map by a a geodesic g = eq,...,e, of length n > 2 to the se-
quence (e1,€2),. .., (en—_1,e,) of positive edges of L1(A4,i4). The sequence is a
edge sequence for a positive path of length n — 1.

Conversely we can map by (3 a positive path p = (e1,e2),...,(en—1,€n)
of length n —1 > 1 to ey, ...,e,, which is a geodesic. The composition (o «
respectively aof is the identity on the set of geodesic segments of length greater

zero in ((A,ia)) respectively on the set of positive segments in LT (4,i4). O

2.3 Lemma. For every k > 0 an edge-indexed graph (A,i4) has a closed
geodesic of length k if and only if L1 (A, ia) has a closed positive path of length
k.

Proof. By Lemma 2.2 we have a bijection between positive paths in £LT(A,i4)
and geodesics of length greater zero in (A4,14). If a positive path of length greater
zero in LT(A,i4) is closed, then its borders are equal. Thus the corresponding
geodesic has the first edge equal to the last one. Removing one of them gives a
closed geodesic in (A,iy4).

Conversely the edges sequence of a closed geodesic of length greater zero in
(A,ia) defines a vertex sequence of a closed positive path in £1(A,i4) if we
repeat the first edge at the end of the geodesic. The number of vertices of a

path exceeds the number of defining edges by one concludes the proof. O

2.3 Unimodularity

The concept of unimodularity for edge-indexed graphs is in correspondence with
unimodularity for the full group Gy introduced in Chapter 3 that will be used
in Chapter 5. We define for edges e € EI’
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for paths of length n > 1 with edge sequence ey, ..., e,
A(p) == Aler) - Alen).

For convenience we put for paths p of length zero A(p) := 1. An edge-indexed

graph (A,i4) is called unimodular if
Ap) =1 (2.1)

holds for all closed paths p in (A4,14). For two composable paths p and ¢ there

are easy to verify relations:

A(pg) = A(p)A(g)
A(pg) = Algp) (2.2)
AG) = zm

2.4 Lemma. An edge-indexed graph (A,ia) is unimodular if and only if for all
closed reduced paths p in A holds A(p) = 1.

Proof. If p is a closed path, then for any reversal a,a@ appearing as p = piaaps

respectively as p = @psa one has

A(p) = A(p1p2) respectively A(p) = A(ps)

by equation (2.2). After successively removing such reversals of p, we obtain
a closed reduced path ¢ with A(p) = A(q) = 1 by assumption. The opposite

direction is clear, since a closed reduced path is a closed path. O
2.5 Example (Unimodularity).

e The edge-indexed graph in Figure 2.3 forms a unimodular edge-indexed

graph only for k = 1.

Figure 2.3: circ; with indices {k,}
(O
l
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Figure 2.4: Non-unimodular and unimodular indexing for circe

2 . 1 6 , 3
].) L, 2) L P
1 b1 2 b

e In Figure 2.4 there is circy with a non-unimodular edge indexing 1) and a

unimodular edge indexing 2).

e If I" is a tree, then any edge indexing is unimodular. By Proposition 1.22
there are no closed reduced paths in I" of positive lengths, hence Lemma 2.4

shows unimodularity.

2.4 Irreducible graphs

For an edge-indexed graph (A,is) we define for edges a,b € EA the relation
a ~b:& a geodesic g with len(g) > 2 leads from a to b. (2.3)

As a first observation, the concatenation g A h of two geodesics g and h is a
geodesic, hence ~ is a transitive relation. Note also, that a ~ b < b ~ @ since
~ maps geodesics to geodesics.

By Lemma 2.2, a positive path of positive length joins a with b for two
vertices a,b € LT(A,ia), if and only if a geodesic in (A,i4) of length greater
equal two leads from the edge a to the edge b. It is therefore, that each two
vertices in £L1(A,i4) are joined by a positive path of length greater zero if and
only if a ~ b for all edges a,b € EA. In this case both (A4,i4) and L1 (A,i4) are
called irreducible.

An edge d of an edge-indexed graph (4,i4) is called a dead end if deg(o(d)) =

1 and i4s(d) = 1. This section gives a clear criterion for irreducibility of edge-

indexed graphs, which are

finite, connected
(2.4)
and without dead ends.

Demanding connection of the edge index graph is no restriction to the prob-

lem. A non-connected graph, that has two connected components with edges,
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can not be irreducible (cf. Lemma 1.15). It is natural also to exclude dead
ends. A path starting with a dead end d must have as a second edge d but d, d
is not a geodesic in this case. Additionally, in view of the dynamical system of
Chapter 5, which is based on bi-infinite geodesics of (4,14), dead ends have no
significance, since they simply would not appear on bi-infinite geodesics. It is
of course a restriction to look at finite graphs only.

Since some arguments in Chapter 5 work only for unimodular edge-indexed
graphs, at the end of the section we will have a particular view of edge indexed
graphs as in (2.4), which are unimodular.

We write C*(N) = {[0,1],...,[N — 1,0]} for the (standard) orientation of
the oriented graph circy and define

BG := {(circy,i):i(e) =1foralle € CT(N),N € N}

U {(ciren,i) :i(e) =1 for all e € CT(N), N € N},

as well as (nice graphs)
NG ={(A,ia) asin (2.4) : a ~ @ for all edges a € EA} .

The classification of graphs as (2.4) will be done in two lines. First NG will be
shown to be the compliment of BG up to Corollary 2.9. Then by independent
arguments the graphs of A'G will be presented as exactly the irreducible ones

up to Theorem 1.

2.6 Lemma. NG NBG = 0.

Proof. If (A,ia) € BG then A = circy and we can assume that is([n,n+1]) =1
for all n € Zy. The only geodesic with first edge [0, 1] of length n 4+ 1 > 2 is

then the reduced path [0, 1], ..., [n,n+1]. In particular [0,1] 4 [0, 1], and hence
(A,ia) € NG. O

2.7 Proposition. Suppose T' is a finite connected graph and e € EI'. If for
all n > 1 there is a unique reduced path g, of length n with first edge e, then

I' = circy for some N € N.

Proof. By uniqueness of the reduced paths g,, there is a ray e, ez, es, ... such
that g, = (e1,...,e,) for n > 1. We define the subgraph A = ({t(e;) : i € N})

of T'. Since A is finite and {e; : ¢ > 1} C EA, one has e, = ¢; for some k < [ in
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N, whence (ea,...,¢;) is not an injective reduced path. By Proposition 1.22 A
is not a tree and must therefore contain a circuit of some length N € N. This
gives an injection

v :circy — I

We carry on showing, that «y is surjective. Since (i) € VA for all i € Vcircy,
(i) = t(ex) for some k € N. If deg(y(i)) > 2 then deg(t(ex)) > 2, which is a
contradiction to the assumed uniqueness. This shows, that v is locally surjective

hence + is surjective (cf. Section 1.4.3). O

2.8 Proposition. Suppose (A,ia) is an edge-indexed graph as in (2.4). If
a % a for an edge a € EA, then A = circy for some N € N.

Proof. As there are no dead ends, for all n € N there is a geodesic (eq,...,e,)
with first edge e; = a. Such a geodesic is a reduced path, since if ;11 = &;
then (e1,...,e;,€,...,€1) is a geodesic of length greater one, hence a ~ @ in
contradiction to assumptions. We want to show that for each n € N there is
only one such geodesic. Then Proposition 2.7 concludes the proof.

We show first that any geodesic (e1,...,e,) with first edge a is a seg-
ment of a closed geodesic. Such a geodesic may be extended to a geodesic ray
(e1,.--,€n,€nt1,...). Since EA is finite, there are two natural numbers k, [ with
n < k <l such that e = ¢;. Note t(e;—1) = o(e;) = o(er) = t(ex—1) = o(€p—1).
If ex—1 # e;—1 then e;_1,ex_7 is reduced, hence (ey,...,€;—1,€5-1,...,€1) is a
geodesic of length greater one, thus a ~ @ in contradiction to assumptions. This

shows ex_1 = e;—1. Inductively we get
exr_i =e_; forall0<i<k,

so (e1,...,e;) is periodic with period (I — k). The path (eq,...,e,) as a segment
of (e1,...,e;) is periodic to the same period, hence is a segment of the closed
geodesic

(el,...,el_k)'w(el,...,el_k)

m  times
for m = [ﬁ] + 1, where [z] denotes the greatest integer ¢ with i < .
For uniqueness it is sufficient to show ¢ = b whenever two geodesics agb and

agc are given by a path g with len(g) > 0 and two edges b, c. Suppose this is
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Figure 2.5: A junction in an edge-indexed graph

— > e °

o e
AN

not the case (cf. Figure 2.5). As we saw above, both geodesics are segments of

closed geodesics, so there are geodesics

ag(bo,b1,...,br) and

ag(co,c1,...,01)

with bgp = b # c=¢p and by = ¢, = a (1 < k,1). We can choose m = min{s :
b; = ¢; for some 0 < j < I} and p € N with b,, = ¢,. Obviously (m,p > 0)
bm—1 # cp—1, hence by,_1,¢,—1 is reduced. Putting B = (bg,...,bm_1) and
C = (co,...,cp—1) the path BC is a geodesic with first edge b and last edge @.

This shows b ~ ¢ and by transitivity a ~ @ in contradiction to assumptions. [

2.9 Corollary. The set of all edge-indexed graphs as in (2.4) is the disjoint
union NG U BG.

Proof. By Lemma 2.6 the union is disjoint. If an edge-indexed graph (4,14) is
not an element of A'G, then by definition a @ for some edge. So by Proposi-

tion 2.8 A = circy for some N € N. We can assume [0, 1] £ [0, 1] by a symmetry

argument. Obviously [n,n + 1] ~ [m,m + 1] and [n,n+ 1] ~ [m,m + 1] for
all m,n € Zy. M ialk,k+1] > 1 for any k € Zy then [k, k + 1][k,k+ 1] is a
geodesic, thus [k, k+1] ~ [k, k + 1]. Since [0,1] ~ [k, k+1] and [k, k + 1] ~ [0, 1]

follows [0,1] ~ [0, 1] in contradiction. Thus (4,i4) € BG. O

2.10 Lemma. Every geodesic in an edge-indexed graph (A,ia) € NG is a

segment of a closed geodesic.

Proof. If the geodesic has length zero, there is nothing to show. So let g =
(e1,...,en) be a geodesic of length n > 1. By definition of NG there are
geodesics hy = (en,...,€,) and hy = (€7,...,e1) of lengths > 2. We can define
h% by hhey = hg. The geodesic g A hy Ag A hf is then closed. O
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2.11 Proposition. If g and h are two closed geodesics of an edge-indexed graph
(A,i4) with t(g) = o(h), then one of the paths gh or gh is a closed geodesic.

Proof. Since t(g) = t(g), o(h) = o(h) and since the inverse of a closed geodesic
is a closed geodesic, the assumptions of this Proposition are invariant under a

reflection of the diagram about the West-East axis (cf. Figure 2.6). Nor is the

Figure 2.6: Composable closed geodesics

statement of the Proposition changed by this transformation, because gh is a
closed geodesic if and only if gh is a closed geodesic and gh is a closed geodesic
if and only if gh is a closed geodesic.

We can assume, that len(g),len(h) > 1 and write ¢ = (a1,...,0a,) and
h = (b1,...,bn), excluding trivial cases. If gh is not a closed geodesic, then
(an,bm) or (b1, a1) is not a geodesic, whence by, = @y or a; = by or equivalently
an = by, or @y = by. Performing a reflection about the W-E axis, if necessary,

we can thus assume a,, = b,, (cf. Figure 2.7). Now, since hh is a geodesic gh

Figure 2.7: Composition of closed geodesics

t(g) 3 o(h)

is one, since gg is a geodesic hg is one and we can conclude, that gh is a closed

geodesic. O
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2.12 Proposition. For (A,ix) € NG the relation (2.3) is an equivalence re-
lation. It has one or two equivalence classes. In the latter case the classes are

orientations for A.

Proof. Transitivity follows directly from definition of ~. By definition of NG
one has e ~ € for all edges e. Hence for any edge a one verifies reflexivity by
a ~ @~ a = a trough transitivity. For symmetry we assume a ~ b, i.e. there
is a geodesic agb. By Lemma 2.10 this geodesic can be extended to a closed
geodesic agbh. Then agbhagbh is a geodesic, thus also the segment bha.

We prove that ~ has at most two classes if we show, that each class has at
least one edge from every geometric edge. Therefore it is sufficient to verify for
each pair of edges a,b, that a ~ b or a ~ b. By Lemma 2.10, a can be extended
to a closed geodesic ga, and b can be extended to a closed geodesic bh. Be con-
nection of A, is a reduced path p joining t(a) with o(b). By the same argument
as above we can extend p to a closed geodesic pg. With Proposition 2.11 gapg
or gaqp is a closed geodesic. Reordering theses two closed paths cyclicly, one of
the paths

{agap, Pgaq}

will still be a closed geodesic, now with terminus o(b). A second application of

the same proposition shows that there is at least one geodesic among
{agapbh, qgaphb, Bgagbh, pgaqghb}.

We can conclude a ~ b or a ~ b for all edges a, b.

If one class is not an orientation, then it includes an edge e together with its
inverse edge € ~ e, since the same class intersects each geometrical edge in one
edge by the argument of the above paragraph. Further, the property a ~ e or
a ~ € for all edges a shows that there is only one class. One can deduce, that

in case of two classes, the classes are orientations of A. ([

Theorem 1. An edge-indexed graph (A,ia) as in (2.4) is irreducible if and only
if (Ayia) € NG.

Proof. If (A,is) € NG then a ~ @ for all edges. By Proposition 2.12 ~ has only
one class, i.e. (A,i4) is irreducible. Conversely, if (A,i4) is irreducible, then in

particular @ ~ @ for all edges, thus (A,ia) € NG. O
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2.13 Corollary. A unimodular edge-indexed graph as in (2.4) is irreducible if
and only if (A,ia) # (circy, 1) for all N € N.

Proof. 1f (A,14) is irreducible, then by Theorem 1 (A,i4) € NG. As (circy, 1) €
BG, Corollary 2.9 shows (A,i4) # (circy, 1).

If (A,ia) is not irreducible, then by these same Theorem and Corollary
(A,ia) € BG. So A = circy for some N € N and we assume ig[n,n+ 1] =1 for

all n € Zy. Now by unimodularity one has

[ — Nl ——— N2l ]
ialk,k+1] < nl;lo ialn,n+1] = nl;lo RS
= A([0,1],...,[N—1,0)) = 1.

Since ia(e) > 1 for all edges, one has is(e) = 1 for all edges, thus (A,is) =
(circy, 1). O

2.14 Example (Irreducibility).

e An example for (A,i4) € BG. There is no positive path from b to b (cf.

Figure 2.8).
Figure 2.8: A non-irreducible graph
a e e a
1, 1
(Ayig) = e " LT(A)ig) =
2 b 1

b e — e )

e Figure 2.9 shows an example of an irreducible edge indexed graph.

Figure 2.9: An irreducible graph

e Example 2.1 is also interesting in the light of irreducibility.
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2.5 Transitive graphs

Given an edge-indexed graph (A,14) as in (2.4) we say that both (A4,14) and
L1 (A,i4) are transitive if and only if there is a natural number N € N such
that for all n > N and all vertices z,y € VLT (A,i4) a positive path of length
n joins x with y. Of course this statement can by translated by Lemma 2.2 to
geodesics in (A,i4).

A transitive graph is trivially irreducible, nevertheless we are going to give
criterions for transitivity independently of NG for all edge-indexed graphs as
in (2.4), to have a clearer picture. In praxis one may first check, whether a
graph is irreducible or not.

For the following Lemma and Proposition only we use the term “transitive”
in the obvious way for more general oriented graphs as the ones we introduced.
For two integer numbers p,d # 0 one says d divides p if and only if there is
an integer r with p = dr. An integer d # 0 is called a common divisor of two
integers p, q # 0 if and only if d divides both p and ¢q. Two integers p, g # 0 are

called coprime if and only if 1 and —1 are the only common divisors of p and gq.

2.15 Lemma. A transitive oriented graph has two closed positive paths of co-

prime lengths.

Proof. We may fix a vertex z. Since the graph is transitive, there are positive
paths from z to = for every length greater equal than some number N € N. So
there is closed positive path of length N and one of length N + 1. If N and
N + 1 were not coprime, then N = kd and N + 1 = Id for |d| > 2 and two
integers k # [, hence 2 < |l — k||d|=|N+1—- N|=1. O

2.16 Proposition. A finite and positively connected oriented graph G which

has two closed positive paths of coprime lengths is transitive.

Proof. Suppose C and D are two closed positive paths of length ¢ > 1 and d > 1
respectively. Since G is positively connected, for each pair z,y € VG there is
a positive path p from = to o(C), a positive path ¢ from t(C) to o(D) and a
positive path r from t(D) to y. We set len(z,y) := len(p) + len(g) + len(r). The
path pCqDr (Figure 2.10) is a positive path as a composition of positive paths.
C and D are closed thus also pC®qD'r is a positive path for all s and ¢ greater
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Figure 2.10: Circuitous routes about closed positive paths
o4+—o ./D\.
C /‘
\. \. !
o(C) o(D)

q

*y

p r

equal zero (C? := o(C) = t(C), C* := C, C? := CC the composition of C with
C, and so on).

If ¢ and d are coprime, there are two integers 7, € Z satisfying
l=nc+&d

(cf. [15], Theorems 23 and 25, for existence — 7 and £ may be calculated
directly by the Euclidean Algorithm).
One of the numbers 7 or £ is not positive, say —n > 0. We set m = min(c, d)

and find the following positive paths Py (1 < k < m):

P = pCm=D(=mgp

P, = pCm=2)(=ngpDEy

P = pCm=k)(=mgpk-1)¢;
P,_1 = pCtmgDm=2)¢

Pm = qu(mfl)&r

They all join  with y. The length of Py is
len(P;) = len(z,y)+c(m—k)(—n)+d(k—1)¢
= len(z,y) +c(m —1)(=n) + (k- 1).

Each of these positive paths can be augmented by inserting an additional closed
positive path of length m. Hence for all numbers greater equal than L(z,y) :=
len(z,y)+c(m—1)(—n) there is a positive path from z to y. Since G has finitely

many vertices, L = max, yeva L(z,y) exists, thus G is transitive. O

Theorem 2. An edge-indexed graph (A,ia) as in (2.4) is transitive if and only

if (Ayia) # 1-@ for all n € N and there are two closed geodesics of coprime
n
lengths.
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Proof. The inequality for (A,i4) means A # circy orig > 2. Assuming this case
and the existence of coprime geodesics, we show in the next paragraph, that
(A,ia) € NG. Theorem 1 shows then, that £7(A,ia) is positively connected
and we can argue with Proposition 2.16 that (A,i4) is transitive.

One may assume (4,i4) € NG. Then Corollary 2.9 tells us that A = circy
for some N > 1. If N = 1 then ig > 2 by assumption, hence (A,i4) € NG. Else
(N > 2) one may put 1m =1 for all i € Zy. A geodesic g with first edge
[k, k + 1] has then only edges of the same (standard) orientation. In particular,
if g is closed, then the last edge of g is [k — 1, k], g has length len(g) =0 mod N
and every closed geodesic with last edge [k — 1, k] has [k, k4 1] as fist edge. Now
if a closed geodesic g has as first edge [m, m + 1], then the last edge of the closed
geodesic g equals [m,m + 1], whence len(g) = len(g) = 0 mod N, too. This
shows that all closed geodesics are of length 0 mod N, which is a contradiction
to the existence of a pair of geodesics with coprime lengths, since we assumed
N > 2.

For the opposite direction, A = circ; and ig[0,1] = 1, one has (4,i4) € BG,
hence by Corollary 2.9 (A,is) ¢ NG thus by Theorem 1 (A,is) is not ir-
reducible, hence is not transitive. Likewise if there is no pair g,h of closed
geodesics with coprime lengths then by Lemma 2.3 there is no pair p,q of
closed positive paths in £7(A,i4) with coprime lengths. Lemma 2.15 shows

that £T(A,i4) is not transitive. O

2.17 Corollary. A unimodular edge-indexed graph (A,ia) as in (2.4) is tran-

sitive if and only if (A,ia) # 1@ and there are two closed geodesics of

coprime lengths.

Proof. If (A,ia) is transitive, then Theorem 2 gives the result immediately.
Contrarily (4,i4) = 1@ implies (4, i4) = 1@ by unimodularity. O
n

2.6 Examples

e The graph formed by the geometric edges of a cube can be drawn as the
diagram in Figure 2.11. With indexing constant to one this edge-indexed

graph is irreducible by Corollary 2.9 and Theorem 1 (it has a vertex of
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Figure 2.11: The cube

degree three unlike a graph circy). It is irreducible for any indexing i > 1,

too, i.e. for all indexings. Is it transitive?

A graph is called bipartite, if there is a partition of the vertex set into two
subsets such that every edge has one border in each of the sets. Equiv-
alently, a graph is bi-partite if and only if it has no closed path of odd
length. This is shown in [14] for combinatorial graphs and is also true for

graphs in general (Corollary A.1).

A bipartite graph can obviously not be transitive. We obtain such a
partition for the cube into a “square”’-subset and a “circle”-subset of its

vertices (Figure 2.12). The cube is bipartite and hence not transitive.

Figure 2.12: Bipartition of the cube

€ 7]

M O

e The graph formed by the geometric edges of a tetrahedron is drawn in
Figure 2.13. With indexing constant to one it is irreducible and has both
a closed geodesic of length three and a closed geodesic of length four. It

is transitive.

e The edge-indexed graph in Figure 2.14 is irreducible and transitive.
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Figure 2.13: The tetrahedron

Figure 2.14: Another transitive graph

e A finite tree (see Figure 2.15 for the diagram of a finite tree) without
dead ends is irreducible under any edge indexing. We can argue with

Corollary 2.9 and Theorem 1 since trees have no circuits. In the first

Figure 2.15: A finite tree

—

A

example on page 40 we saw, that bipartite graphs are not transitive. We

can construct a bipartition for any tree 7. We fix a vertex x and define

X: = {yeVT:d(x,y) is even }
Xo = {yeVT :d(z,y) is odd }.
The inequality
|d(z,0(e)) — d(z,t(e))] < d(o(e), t(e)) (2.5)

follows directly from the triangle inequality of the metric d. The left hand
side of (2.5) is positive by Lemma 1.26. If for an edge e both o(e) and t(e)
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are in the same set X; or in X5 then the difference in (2.5) is even and
the contradiction 2 < d(o(e),t(e)) = 1 shows therefore, that X, X> is a

bipartition for 7. A tree is not transitive under any edge indexing.
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Part 11

Trees
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Chapter 3

Covering trees for graphs

The construction of a fundamental group and a universal cover to a finite con-
nected edge-indexed graph will be organised in the first two sections. The
universal cover is a tree. The fundamental group defines a left action on the
universal cover and provides a quotient morphism from the universal cover back
to the graph (cf. Figure 3.1). This morphism will be written in Section 3.3.

Its local behavior will be discussed there as well. The construction involves free

Figure 3.1: Construction of the universal cover

edge-indexed graph (4,14)
!
graph of groups A = (A, A)
!
fundamental group G = w1 (A, o)

!

universal cover 7 = (A, xp)

!
quotient A = G\7T

groups and presentations of groups. For an introduction into these topics, Chap-
ter 11 of [16] may be a good source. Bass provides in [7] all central proofs except

for Theorem 3, where the author refers to Serre [6]. The remaining space of the
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present chapter covers properties of the isometry group of universal covers, in

particular its topology, and ends with some examples.

3.1 The fundamental group

The fundamental group is being constructed relative to a graph of groups and

can afterwards be related to an edge-indexed graph.

3.1 Definition. A graph of groups A = (A, A) consists of a finite, connected
graph A, groups A, for all vertices z € VA, groups A. = Az for all edges

e € EA and monomorphisms (i.e. injective homomorphisms)
et Ae — Ao(e)
for all edges e € EA. We abbreviate for z = o(e)
Agje = Ag/acAe tesp. i(e) = |Ayje| = [Az : e Al
the set family of left cosets respectively the number of left cosets of ae A in A,.

We want to associate a graph of groups to a given edge-indexed graph (A,i4)
such that the indexing i4 coincides with the numbers i of the graph of groups.
This can be achieved by setting all groups equal to Z and choosing as monomor-
phisms

e :n—i(e)n
for edges e € EA. It may be interesting, that in the case of a finite graph A,
which is assumed here, Corollary 2.5 in [11] allows us to choose all groups as
finite groups if and only if (A4,14) is uni-modular. However we will not make
use of this result.

The path group of a graph of groups A = (A, A) is defined as
T(A) = [(xsevads) * F(EA)] /R,

where F denotes the free group generated by EA, * denotes the free product of

groups and R is the smallest normal subgroup imposing the relations

g = et and

(3.1)

eag(s)e™l = a.(s)

for all e € EA and all s € A, = As.
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3.2 Note. In the special case A. = A, = 1 for alle € EA and z € VA we
obtain simply 7(A) = F(EA) /R with relations € = e~! for all e € EA.

A 7-path of length n > 0 in (A, A) is a sequence

A/ = (907617917627 A '7gn7176n7gn)7

where e1,. .., e, is a path in A with vertex sequence xo,...,z, and g; € A,, (a
m-path of length zero is an element go € Ay, ). v is then called a m-path from
zo to x,. We set

7| = goe1g1 - - - gn—1€ngn € m(A)

and define for all z,y € VA
wlz,y] .= {|y] € 7(A) : v is a w-path from z to y}.

A m-path v = (go,€1,91,€2, -, 9n—1,€n,gn) is called reduced, if and only if

eithern =0and go Z1orn >1and e;41 =€ = g; ¢ ag A,

Theorem 3 (J.P.Serre [6]). If~v is a reduced 7w-path in A, then |y| # 1 in
m(A).

3.3 Corollary. The canonical homomorphisms A, — mw(A) are injective. We

will view them as inclusions. For e € EA
Ao(e) N eAt(e)ed = a.Ae
holds in w(A).

Proof. If 1 # g € A, then (g) is a reduced m-path. By Theorem 3
g=1(g9)| #1 in w(A). Thus kern(A, — 7(A)) = {1} and the homomorphism is
injective.

The second assertion will be proved in two steps. One inclusion is immediate.
s € Ae = ae(s) € Ag(e) by definition. Also ae(s) = eaz(s)e™ € eas(Ac)e ! C
eAgeye”! by equation (3.1).

Conversely we have g € Ay N eAgyeye™ !, hence |(h)| = g for a m-path (h)
and h € Ay(e) and at the same time |(1,e,h’,€,1)| = g for some h' € Ag).
Hence h = |(h)| = |(1,e,h’,€,1)| = eh’e! gives eh’e"th~! = 1. By Theorem 3
(1,e,h/,e,h~1) is not reduced, whence h’ € az(A.), i.e. b’ = az(s) foras € A,
and g = |(1,e,h',8,1)| = eas(s)e™ = ae(s) € ae(Ae). O
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3.4 Definition (S-normalized paths). For each e € EA, o(e) = z, choose
a set S C A, of coset representatives for A,/ = A;/acAc so that 1 € S..
Relative to that choice we call a m-path v an S-normalized path if it has the
form v = (s1,€1,...,5n,€n,9), where s; € Sc, (1 <i <n),g € Ag(,) and either

n=0orn >0 and v is reduced, i.e. e;41 =€ = s;41 # L.

3.5 Corollary (H.Bass [7]).
Two reduced m-paths v,~" satisfying |y| = || have the same length.

3.6 Corollary (H.Bass [7]).
For z,y € VA, every element of w[x,y] is represented by a unique S-normalized

w-path from x to y.

Corollaries 3.6 and 3.5 allow us to transfer the definition of a length from
m-paths to elements of the path group m(A). Given two vertices z,y € VA we
define

len : [z, y] — Np

for elements g € 7[z,y] as equal to the length of any reduced w-path v with
g=|y|if g # 1orif g =1 as zero. Additionally we put

7|z, yln == {g € w[x,y] : length(g) = n}.

3'7 Lemma. If (xvy)n) 7é (xlvylvnl) fOT’ (mayvn)a (mlvylvnl) € VA X VA X NO
then

mlz, yln N,y | = 0.

Proof. First we show, that 7|z, y] N x[2’,y'] = 0 for (z,y) # (2',y"). By Corol-
lary 3.6, an element of the path group g € [z, y] N7z, y'] is represented by a
unique S-normalized from z to y, which is also a S-normalized path from z’ to
y'. Hence x = 2/ and y = y/'.

It is sufficient now to show for every fixed pair (z,y) of vertices in A, that
[z, yln N w[x,ylm = O whenever m # n. By the same argument as above,
g € wlx, yln N7[z, y]m would be represented by an S-normalized path, which has

length n and length m, hence m = n. O

3.8 Definition. The fundamental group of A with respect to a base point xy €
VA is defined as

7T1(A, {E()) = W[xo, xo].
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3.2 The universal cover

In this section the symbol G stands for the fundamental group m (A, z¢).
The universal cover of a graph of groups A = (A, A) based at g € VA is
the graph 7 = (&_,\a_;;) with vertices
VT = | | =lao, 2]/ As. (3.2)
TEVA
The union is disjoint by Lemma 3.7. By Corollary 3.6 these vertices can be

written uniquely in the form
s1€1 ... SpenAs (3.3)

for an S-normalized m-path (s1,e1,...,5Sn,€n,1) from z¢ to some z € VA (for
n = 0 the vertex takes the form A,,). To simplify notation, we write [y], or
[9]s for the vertex gA, € m[xo, x|/ Ay, where g = |v|.

We make 7 a combinatorial graph (cf. Sectionl.4.2) by specifying edges
as ordered pairs of distinct vertices. Given two vertices [g], and [h], we have

g € m[zo, 2] and h € 7[xg,y], hence g~ h € [z, y] and we define
([g]as [h]y) € ET <= g 'h € m[x, y]1, (3.4)

i.e. g7'h = set for some e € EA, o(e) =z, t(e) = y and s € A,, t € Ay, since
the elements of 7|z, y]; are represented by S-normalized paths (s, e,t) from x
to y. This definition is independent of the choice of g € [g], respectively the
choice of h € [h],, as two different representatives differ only by an element of
A, respectively by an element of A, multiplied from the right hand side.

The borders of an edge of 7 are really distinct. For [g], = [h], we have
by Lemma 3.7 x = y. Then gA, = hA, gives h = gs for s € A, thus
g 'h = s € A, C 7[z,z]o, which has an empty intersection with 7[z,z]; in
disagreement with equation (3.4).

As usually for a combinatorial graph we define for an edge € = ([g]s, [h]y) the
inverse edge € = ([h]y, [9]z), the origin o(€) = [g], and the terminus t(€) = [h],.

Theorem 4 (H.Bass [7]). 7 = (A, xzg) is a tree.

3.9 Remark and Definition. Bass argues in [7], Remark 1.18, that the tree

T = (A, zp) depends up to an isomorphism over A only on the graph A and the
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cardinality of the sets S. chosen for an S-normalization (cf. Corollary 3.4)

|(Se)l = [Ao(ey el = ile)

and does not depend on the explicit form of the groups of A = (A,.A4). We can

thus also write 7 = (4,1, x¢) for the universal cover of an edge-indexed graph.

3.3 Group actions on the universal cover

3.3.1 Action of the fundamental group

There is a natural left action of the fundamental group G = (A, zg) on the

vertices of T = (A, x¢), since for h € G and [g]; € VT hlgl. = hgAs = [hgls
holds. The quotient map is given by

. VI — G\VT
gl — Gl

This left action on the vertices extends for u € G and edges £ = ([g]s, [h]y) to
a left action on the whole graph 7 by

w: ([gla, [Ply) — (ulgle, ulh]y)-

To verify that this defines an automorphism, it is sufficient to show that u
maps pairs of adjacent vertices to pairs of adjacent vertices. Then w defines
a unique endomorphism of 7 (cf. Lemma 1.19) and the group structure of G
provides an inverse function, so that G acts by automorphisms. Let us suppose,
that g~ 'h = set for s € Ao(e)st € Ag(ey. Then

(ug)"'(uh) = g 'uluh

) (3.5)
= g h = set

and therefore u€ = (ulgls, ulh]y) = ([ugls, [uh]y) € ET. The orbit of an edge
& € ET is given by GE, the quotient map m now extends to the edges by

ET — G\ET
T
E — GE

For a given edge £ = ([g]., [h],) € ET the edge e € EA satisfying g~ 'h = set

is unique. If there is an edge ¢’ satisfying g~'h = set = s’e/t’, then by Theorem 3
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the m-path (s',¢/,t't71,2,571) is not reduced, hence & = €’ implies ¢/ = e.
Therefore we can associate to every edge £ € E7 a unique edge e € EA and
call this edge the associated edge.

It follows then, that for u € G and & as above, the inverse edge £ is associated
to € while the edge u€ is associated to the edge e # €. Therefore the group G

acts on 7 without inversions and we can form a quotient graph
G\7T,

where the graph maps are given by o (GE€) = G[g], and by GE = G€ and where
the projection 7 is a graph morphism (cf. Section 1.5.1).

We can write a function F' : G\T — A, for vertices [g], and edges £ by
F(Glgls) = = and F (GE) = e, where e is the edge associated to any of the
edges in GE. By equation (3.5) these edges have all the same associated edge.
We will prove that F is an isomorphism. Then we can interpreted the projection

m: 7T — G\T as a morphism 7 — A and obtain
G\T = A. (3.6)

Since G = w[xg, x0] = 7[xo, z]|7y| for any m-path v from z to z¢, the orbit of a
vertex [g], is give by
Glgl. = A{hlgl.:9€G} = {hgA;:heG}
= {kA,:kenxo,z]} = 7[ro,x]/As.
As the sets 7[zg,x] are disjoint and by connection of A also non-empty, the
function F' is a bijection from the vertices of G\T to the vertices of A (cf.
equation (3.2)).

The function F' is also a bijection on the edges. For surjectivity one may
assume ¢ € EA, x = o(e) and y = t(e). Then there is a path ay,...,a,
form zo to z. If we choose the m-paths 11 = (1,a1,1,...,1,a,,1) and 72 =
(1,a1,1,...,1,an,1,e,1), obviously e is associated to the edge ([71]z, [y2]y)-
For injectivity it suffices to show, that two edges € = ([g]s, [h]y) and & =
([¢']a+ [W']yr) with the same associated edge e are in the same orbit. Suppose,
that g~ 'h = set while g’flh’ = s'et’ for s,5" € Ag(ey and t,t" € Agyy. Then
x=2"and y =y and for u = h/(tt')"th~! € G we get

ug = W)y HlelsTl = pH e lsT!

— g/S/S_l,
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which is an element of ¢’ A, and
uh = K (tt)

which is an element of h'A,. This shows & = u€.
As a final step one verifies, that F' is a morphism of graphs. With notation

as above
o(F(GE) = ol) = = = F(Glgl) = F(o(GE)).

Since £ is associated with the inverse edge of e we get

F(GE) = © = F(GF) = F(GE).

3.3.2 Stars of the universal cover

In this section we want to have a look at the properties of the local maps
o : St7 ([9]z) — St? ().

for vertices [g], € V7. These maps are all surjective, since for every e € EA with
o(e) = z and y = t(e) the tuple ([g, [ge],) is an edge of St” ([g].) projecting to
e under 7. In order to count the edges of St7 ([g],), which project to the same
edge in EA we are going to use some basic group theory.

The stabilizer of a vertex [g], € VT is given by

Gy = {heGihgds=gA} = {heG:ig thgds = A}
k:g: hg g{k c G . kAw — Aw}g_l — gAg;g_l.

With notation from (3.4) for an edge £ = ([g]s, [h]y) we have [h], = [gset], =

[gse],. Hence the stabilizer of £ is

Ge = G,NGr, = gAg " N(gse)Ay(gse)™!
= gs(A;Nedye s lg™! Corolary 3.3 g(saedes gL,

For €& = ([gls,[h]y) € ET, g~ 'h = set, the action of G|y, on 7T restricts
to an action on the edges in St? ([g],), since u(St” ([g].)) < St” ([g].) for all
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Figure 3.2: Lift to a star

Tt
_—

u € Gg), . The number of left cosets of the stabilizer G¢ in Gy, is

G Ge) = s salsacAis g ]
Lemma B.2 [Az saeAS ]
Lemma B.1 I:SA$87 saeAes™!

[As

A.] in G

Lemma B.2

Corollary 3.3
A, —G is injective .
= [As : acAe] in Ay

= iA(e).

By Proposition I, 5.1 in [17], the size of the orbit of £ in St7 ([g],) is i (e) and

we obtain for all edges £ € 771 (e)

ok (€] = [Goge) €] = ie). (3.7)

The first equality holds because of Go)€ = St7(o(E))NGE = wflg)( e). Fig-
ure 3.2 illustrates this situation for an edge of index three. We can assemble
these disjoint orbits at a star in 7 to get the result, that for every vertex z € V7T
|StT(x)| =|{E€ET :0() =z} = Z i(e). (3.8)
ecEA
o(e)=nz
In particular, the tree 7 is locally finite and the vertices assume degrees bounded

from above by Dyax := max { > i(e) }

€VA " cEA
o(e)=z

3.4 The isometry group of a universal cover

We discuss the group Aut (7") of automorphisms of the universal cover to a finite
connected edge indexed graph (A,i4). Fixing a base point zo € VA, we know
that the fundamental group G acts on 7 with quotient graph A = G\7. Since
7T is locally finite by equation (3.8), Corollary 1.35 gives the result Is(7) =
Aut (7), which justifies this section’s headline.
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3.4.1 Subgroups of the isometry group

We shall focus on the fundamental group G < Is (7). More precisely, we write G
for the subgroup of Is (7") which is the domain of the homomorphism G — Is (7)
of the action of the fundamental group on 7. Bass and Kulkarni argue in [11],
Chapter 2, that there is always a graph of groups, called the effective quotient,
producing an injective homomorphism from the fundamental group to the group
Is (7). So we can think of G both as the abstract fundamental group or as a
subgroup of Is (7).
We define the full group (also called the group of deck transformations)

Gf:={gels(T) :mog=m}.

Gy is indeed a group. For g,h € Gy we get Tog =7 < m = mog~! because the

1

inverse exists and both g and g~* are surjective maps. Also wo(gh) = mogoh =

wToh=m.

3.10 Lemma. Gp\7 = G\7, i.e. the full group has the same orbits on T as

the fundamental group.

Proof. For a vertex x € VT it is clear, that Gx C Gz, since trivially G C Gy.
Conversely, if y € Gz, then y = gz for some g € G. Since 7(y) = mog(x) =
m(x), there is h € G with y = ha. This shows Gyx C Gz. Exactly the same

argumentation works for edges. O

3.11 Lemma. Suppose e1,ea € ET, o(e1) = o(ea) and w(e1) = w(ez). Then
there is an isometry h € Gy, such that ex = hei and h is the identily on
the connected component of o(ey) in the subgraph T’ of T with edges ET' =
ET \ Eg where Er = {e1,e1,€2,€3}.

Proof. The statement is trivial for e; = ey choosing h = Id|7. We shall suppose
thus e; # eo. Lemma 1.15 sums up basic arguments with connected components.
We take x = o(e1), y1 = t(e1) and y2 = t(e2). The graph C(y1) shall be the
connected component at y; in 7”7, similarly C(y2) and C(z) are defined. These
three subgraphs cover all vertices of 7 disjointly:

The vertex z is joined to any vertex z in 7 by the reduced path [z, z]. If

the first edge of [z,z] is e resp. es, then [z,z] = [z,v1][y1, 2] resp. [z,2] =
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[, y2][y2, 2], so the second path in this composition has no edge with border x
by injectivity of reduced paths in trees, thus no edge of Er. Therefore [y, 2]
resp. [y2, 2] is a path in 77 proving z € C(y1) resp. z € C(y2). If the first edge of
[z, 2] is neither e; nor ey, then [z, z] has no edges of Er by injectivity of reduced
paths in trees. This shows, that [z, z] is a path in 7" hence z € C(z).

For disjointness note first, that C(y1) NC(y2) = 0 (for e; # e2). If C(y1) =
C(y2), there is a reduced path p from y; to yo in 7’. Since 7’ is a subgraph of
T, one has p = [y1,y2] = (e1,€2), which is a contradiction to the definition of
7' having no edges of Er. The components C(x) and C(y1) as well as C(z) and
C(y2) are disjoint by a similar argument about uniqueness of reduced paths.

Using this partition of 7', we can now construct an isometry h on 7 with
the required properties. By assumption there is an isometry ¢ in the fun-
damental group, such that es = g(e1). For any z € C(y1) we can calculate
[z,92] = [g2,92] = glz, 2] = g([z,y1]ly1,2]) = [z, y2][y2, 9z] which shows that
gz € C(y2), that is g(C(y1)) C C(y2). The map g as an automorphism of 7 is
bijective, hence locally bijective. The graphs C(y1) and C(y2) are both trees as
connected subgraphs of 7. Hence ¢ defines an isomorphism ¢ : C(y1) — C(y2)
(cf. Section 1.4.3) and ¢! an isomorphism in the opposite direction.

Thus we define an automorphism h|7 as follows:

z for all z e C(x)
h(z):=19 g(2) for all 2z € C(y1)
g Yz) forall z€C(y2).

Obviously, h|7+ extends to an automorphism h|7 by the assignment h(e1) := es.

Since h is defined completely in terms of Id|r, g and g~*

G, one has m o h =, thus h € G. O

, which are elements of

3.4.2 Topology on the isometry group

There can be defined a topology on Is (7)) which is locally compact. The isom-
etry group is a topological group with this topology. We follow [12] for the
definition and for many arguments. All necessary terms are introduced in Ap-

pendix D. We end with statements about the subgroup Gy.

Ur(g) :=={he€Is(T):g(x) = h(zx) for all z € F}
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defined for all g € Is(7) and all finite sets F' C V7 is a basis for a topology.
We have to show that the intersection of two such sets is a neighborhood of all

its elements. Suppose h € Up(g) N Up/(g'). Then

Upur/(h) = {hW €Is(T):h'(z) =h(x) forallz € FUF'}
{R €Is(T): h'(z) = h(x) for all z € F'}
= Ur(h) =Ur(9)

N

Analogously Upyp:(h) C Upi(g'), therefore Upup/(h) C Up(g) NUp/(g’). The
topological space defined by this base will be written as (Is(7), iso).

Is (7) is a topological group, with this topology, i.e. the group operations are
continuous. We show continuity for the map 3 : g — ¢! first. It is sufficient to
show that 3~1Up(g) is open. Suppose x € F. Then h(z) = g(z) < h~lg(z) = x

and therefore

B UR(g) = {htels(T):h(z)=g(x)forallz e F}
W29 e s (T): hl(y) = g\ (y) for all y € gF)
= Uprlg™)

The map « : (g,h) — gh is continuous, too. Given a pair (k,!) mapping to

Ur(g) one has ki(z) = g(x) for all z € F. Consequently

for all z € F and
k(y) =gl (y)

for all y € IF. In other words (k,l) € Ujp(gl~™') x Up(k~1g), which is open
in the product topology of Is(7) x Is(7) (cf. Chapter 3 in [18]). We have
to show only Ujr(gl™") x Up(k~'g) C a=*Ur(g). Suppose p € Ujr(gl~!) and
q € Up(k~1g). Then for all x € F

zeF

alp,q)(z) = pg(x) pk~lg(x) = pl(z)

I(z)elF _
= gl 'lz) = g()

3.12 Proposition. (Is(7),iso) is a topological group with the above defined

base.

We shall now prove some properties of this topological group. The vertex

stabilizers K, = {g € Is(T) : g(z) = 2} are iso-open, since K, = Uy, (Id).
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We show now that they are also compact. An element g € K, acts on each set
Wy, ={y € VT : d(z,y) = n} as a permutation. Since 7 is locally finite, |W,,|
is finite for all n € Ny. Say |W,,| = r,,. We write Sy for the symmetric group
of the numbers {1,...,k} endowed with the discrete topology (all subsets are
open). Then the topological groups S,, are all compact. The group

L:= S5, x5 X Spy X Spy X ...

acts on WoUW; UWs U. .. in the obvious way and K, < L. L with the product
topology of the permutation groups is then by Theorem 2 in [19] (Tychonoff’s
Theorem) compact. We write (L, perm) for this topological space. A basis for

(L, perm) can be defined by the family of sets
{ZEL:lnEUnforallnEE},

(cf [18]), where [, is the projection of I to the n'® coordinate. For example
(wo,w1,wa,ws,...)2 = wy. U, is an open set, hence any subset of S, and
E C Ny is finite.

Each group element g € L\ K, is not an isometry. Hence there are vertices
y, z such that d(gy, gz) # d(y, z). We assume that d(z,y) = n; and d(z, z) = nq
and set

L = {h €L:hp €{gn,} hny € {gn2}}.
L’ is a base member of (L, perm), hence perm-open. Also L' C L\ K, because for
h e L' we get d(hy, hz) = d(hn, (y), hn, (2)) = d(gn, (¥), gn, (2)) = d(gy,92) #
d(y, z). Therefore L\ K, is perm-open and K, is perm-closed. A closed subset
of a compact set is compact, hence K, is perm-compact.

We proceed by showing that the iso-topology of Is(7) is included in the
relative topology inherited from (L, perm). It is sufficient to show that for each
subset C' C Is (7)) of the form C = Up(g) with g € Is(7) and F' C VT finite,
there exists an perm-open set D satisfying C =1Is(7) N D.

Given C' = Up(g) there is a finite decomposition F' = V,,, U...V,, with

Vi, C Wy, forall 1 <i < k. Foreachn € E :={nq,...,n;} we define
U, = {hn SV hn(y) = gn(y) for all y € Vn}

and set

D:={keL:k,cUp,foralneckFE}.
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For k € C and any n € E one has k,(y) = gn(y) for all y € V,, C F, hence
kn € Uy, which implies then k& € D; in other works C' C D. It remains to show
(D\C)NIs(7T) = (. For any y € F there is n € E such that y € V,,. Given
k € D we get k(y) = kn(y) = l,.(y) for some l,, € U,. Hence l,,(y) = gn(y) gives
k(y) = g(y). Under the assumption k € Is(7") this amounts to k € C.

By Lemma D.3, K, is compact in the topology inherited from perm. As
shown in the above paragraph, any open cover of K, by members of the iso-
topology is an open cover of K, by members of the topology inherited from

perm, so K, is iso-compact.

3.13 Proposition. The topological group (Is(7),iso) is locally compact. All

vertex stabilizers are open and compact.

Proof. By Proposition 3.12, (Is (7) , is0) is a topological group. Now each vertex
stabilizer is open and compact, hence a neighborhood of the identity. Proposi-

tion 16 in [19] shows then local compactness. O
3.14 Proposition. The topological space (Is(T) ,iso) is a Hausdorff space.

Proof. For g,h € Is(7) and g # h there is a vertex x € V7 with g(z) #
h(z) therefore Ur,1(g) and Uy, (h) are disjoint iso-neighborhoods of g and h
respectively. O

3.15 Proposition. The group Gy is an iso-closed subgroup of Is (7).

Proof. We can construct a neighborhood around each element h € Is (7) \ Gy

which has empty intersection with Gy. There is essentially one!

possible case
for m o h # m, the existence of an edge e € ET with 7(e) # 7o h(e). This is
clear, because if m(e) = 7 o h(e) holds for all edges, then for any vertex x there
is an edge e with o(e) = x by connection of 7 and we find 7w(xz) = w(o(e)) =
o(r(e)) = o o h(e)) = 7o h(o(e)) = 7 o ().

Given an edge e € VT such that m(he) # m(e) one has h(e) ¢ Gye. Since
T is combinatorial, we calculate k(e) = h(e) # g(e) for each k € Ugo(e) t(e)y (h)

IThe case that a subgroup of Is (7°) containing Gy has the same vertex orbits on 7 as G
but may identify more edges can happen if the quotient graph has multiple edges, i.e. more
than one geometric edges share the same borders. Consider for example the regular tree of
degree four, 74, as a cover of circg with an indexing constant to two.
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and for all g € Gy, hence Ufg(e),1(e)} (h) N Gy = 0. This shows, that Is (7) \ G¢
is open thus G is closed. |

3.16 Corollary. The full group Gy is a locally compact topological group, which

is a Hausdorff space. All vertex stabilizers are open and compact.

Proof. We use for Gy the relative topology full inherited from iso. By Proposi-
tion 3.15 Gy is an iso-closed subgroup of Is (7), hence Gy is a locally compact
topological group after Proposition 16 in [19]. A subspace of a Hausdorff space
is Hausdorff in the relative topology. Proposition 3.14 is sufficient then.

For each vertex x € VT, the stabilizer (Gy), can be written as Gy NIs(7),,
hence is full-open because Is (7), is iso-open by Proposition 3.13. (Gy). is an
iso-closed subset of the iso-compact stabilizer Is (7'),,, hence is iso-compact. By

Lemma D.3 (Gy), it is full-compact. O

3.5 Examples

Some explicit examples of covering trees (A,ia,xo) to finite connected edge-
indexed graphs (A,14) will be given here. As introduced earlier, we write vertices
in a unique way in the form [|v|]; for S-normalized m-paths ~.

We may start drawing with the vertex [1],,. The vertices of the form
{lgels(e) : o(e) = wo,9 € S} are adjacent to [1],,. By equation (3.8) there
are no more adjacent vertices (i(e) = |S.| for edges e € EA).

Given a vertex [ge]y() as above (o(e) = xo), the vertex [1],, is adjacent and
the edge ([g€l(e), [1]z,) Projects to € under the quotient map 7. Other adjacent
vertices of [ge]¢(e) are {[gehe']yry : o(€’) = t(e),h € S}, where the vertex

[gele],, is equal to the vertex [1];,. By equation (3.8) these are all adjacent

0-
vertices.

More generally for o(e1) = xo and n > 2, the vertex corresponding to an
S-normalized path v = (g1,€1,...,gn,€n, 1) is written [gre; .. .gnen]t(en). It is
adjacent to the vertex [gie1...gn-1€n—1]¢(e,_,)- The edge ([gie1 ... gnenlien)s
[g1e7 .. .gn,len,l]t(en_l)) projects to €, under 7. Other adjacent vertices are
{lg1€e1 ... gnengeliery = o(e') = tlen),h € Ser}. [g1e1...gnenlEli(e,) can be
written in S-normalized form as [gie1...gn—1€n—1l¢(e,_,)- By equation (3.8)

these are all adjacent vertices.
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Since the representatives chosen for an S-normalization always precede the
corresponding edge in such sequences, we write simply {1,...,i(e)} instead of
S, for all edges e € EA. We use the convention to write the inverse of an
edge (a,b,c,...) as the same letter in upper case (A, B, C,...) and conversely to
write the inverse of an edge (A4, B,C,...) by its corresponding lower case letter

(a,b,c,...).

e For path; with indexing constant to one (Figure 3.3) we form two covering

trees, depending on the base point xg = x or z¢g = y (Figure 3.4).

Figure 3.3: (path;,1)

Figure 3.4: Covers of (path;,1)

[, [16] 16, = [1,

o We change the first example by i(e) = 2 (Figure 3.5), and obtain two

covering trees with base points x or y as shown in Figure 3.6.

Figure 3.5: path; indexed by 1 and 2
1 2

Xo—— o Y

E
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Figure 3.6: Covers to path; indexed by 1 and 2

(1], ® [1E] , * [1E2¢]
[1€] , ® [1=]y * [2¢]

e For path; with indices i(E) = i(e) = 2 (Figure 3.7), the universal cover 75

relative to the base point g = x can be seen in Figure 3.8.

Figure 3.7: path; indexed by 2
2 2

Xo—mo Y

E

Figure 3.8: 73 as cover of path; indexed by 2

[1E228] |, [2E2¢]
[2E2626]
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e In Figure 3.9 the universal cover to the edge-indexed graph of Figure 3.10

is drawn relatively to the base point g = w.

Figure 3.9: A more complicated cover

\|/ \ v

[2Ald]z\ [1AlB]y [1A1d] ,
[2a18] — [2A) [1A]

/ X\[l]w/ P

}ldlc] y
\ B i
[3A1B1C2c] [3A18] / \ [3ALd2c]

\y / [3A1d2D]
[3A1B1C]

[3A1d2D14]
[3A1B1CID],  [3AIBIC2D], / \w
/ ‘ [3A1B1C2D14] |,
/S

Figure 3.10: A more complicated edge-indexed graph
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Chapter 4

The border of a tree

The symbol 7 is supposed to be a locally finite tree inside this chapter. The
border 7 (00) of 7 is going to be constructed and will help us to write bi-infinite
reduced rays in 7 in a very convenient way. In Part III we are going to identify
bi-infinite reduced paths with two border points and an integer number. The

horocycle distance from Section 4.3 will prove to be useful thereby.

4.1 Ray spaces and the abstract border

A tree is a combinatorial graph, so we are allowed to write paths by their vertex
sequence. After Proposition 1.22 we can denote the unique reduced path joining

x with y by [z,y]. A ray can be written as
Lo, L1, 225 -

with pairwise adjacent vertices z; € V7. Note also, that a reversal e,e in
terms of the vertex sequence is a path (z,y,z) with = z. There is another
consequence of uniqueness of reduced paths in trees. If the vertex sequences
(x;) and (y;) of two reduced paths obey zx = y; and zp1 # Y41 then {z; : i >
k}yN{y; :j > 1} = 0. This is also true for infinite reduced rays because it holds
for all their finite segments.

The relative border of a tree 7 with respect to a given vertex x € V7 is the
set

T (00) = {(xo, 21,22, ...) € Roo(T) : zp = z}
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consisting of all reduced rays (zo, z1,22,...) with origin zy = z. Figure 4.1

gives a suggestive impression of this construction in the case of a three-regular

tree.

Figure 4.1: Visualization of the border of 73

T T
Q\\\\\\\\ ‘ ‘ //// P

N ?///
/(2
Vor
=
,//// N

&\\\
g LGRS

4.1 Definition (Border of a tree). The border of a tree is defined as the

classes of an equivalence relation.
T(00) := Reo(T)/ ~

.) are equivalent, if and only if they

Two reduced rays (zg, z1,-..) and (yo, y1, - -

have the infinite intersection property, i.e. there are ki, ke € Ny such that

Thy+1 = Yko+1 holds for all [ € Ny.
= ko = 0. Symmetry is a heritage

Reflexivity is clear by the choice k;

of symmetry in the definition. If (zg,x1,...) ~ (yo,¥1,--.) and (yo,y1,-..) ~

(20,21, ...), there are natural numbers ki, ko, k3, kg, such that xg, 41, = Yry+1,
and Y, 11, = 2441, for all I, 1o € No. Then (g, 4 gy ko)1 = 2k, 11 for all I € Ny

if kg < k3 O T, 41 = Z(kythy—ky)41 fOr all L € Ny if k3 < ko show transitivity.
4.2 Lemma. For every vertex x € VT there is a one-to-one correspondence
Tp(00) — T(o0)
(xo,21,...) +— [(zo,x1,...)]

sending a reduced ray from T;(00) C Roo(T) to its equivalence class.
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Proof. To show surjectivity, suppose w € T (c0) and let (yo,y1,...) € w be a
fixed representative. The relation d(z, yx+1) < d(, yx) is not true for all k € Ny
because d as a metric assumes only positive values. The relation d(z, yx+1) =
d(z,yx) if false for all k € Ny by Lemma 1.26.

As a consequence there is a pair of vertices yg, yr+1 such that d(z,yx) <
d(z, yx+1), which results in the contradiction d(yk,yr+1) > 1, if the strict met-
ric inequality d(z, yr+1) < d(z, yx) + d(yk, yx+1) holds. Therefore d(x, yrt1) =
d(z,yr) + d(yk, yk+1). Because of this the composition [z, zk|[Tk, Tr11] is Te-
duced according to Lemma 1.25 whence [z, yx|(Yk, Yk+1, Yk+2, - - -) 18 a reduced
ray in w starting at z.

To verify injectivity, suppose (zo, x1,-..) # (Yo, ¥y1,--.) for two reduced rays
in 7;(c0). We find a smallest number k € Ny with zx = yx and zrr1 # Yr+1
because x9g = yo = x. But then infinite intersection is impossible because

{zii>k}n{y;: 7>k} =0. O

We use the above correspondence to simplify notation. [x,w) stands for the
unique reduced ray with origin z in the class w and we say [z,w) is the reduced
ray from the vertex x to the border point w. We abbreviate also z,, := [z,w),
which allows us to write (z,,(0), (1), 2,(2) . ..) for [z,w) in the interpretation

of x,, as a morphism from path., to 7.

4.3 Definition (Isometric group action on the border). If a tree 7 is
the universal cover of a finite connected edge indexed graph, then the group
Is(7) acts on 7 (cf. Section 3.4.1). This action extends to the set of rays
in 7, since given a ray r : path,, — 7, then for all g,h € Is(7) we have
(gh)r = g(hr) by the associativity of map composition. Also Idz or =r. From
the description of the action by map composition we obtain particularly for

reduced rays z, € Roo(7)
(haw)(i) = h(zy (1)) (4.1)

for all i € Ng. As each isometry is injective, hz,, is also reduced, i.e. Is(7)
acts on Ro(7). Given two reduced rays p,q with infinite intersection, the
images hp, hq clearly have infinite intersection, hence Is (7') acts on 7 (c0). Since

hzx, € hw and since (hz,)(0) = hz by equation (4.1) we can write
h(zy) = (h)(he)- (4.2)
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4.2 Metrics on the border of a tree

Each space of reduced rays 7,(co) carries a natural metric. Under this metric
two border points [x,7) and [z,£) are near by, if they share a large common
segment.

4.4 Definition (Intersection of rays with coinciding origin). For every

vertex z € V7 and two border points 7, ¢ we define

L?, = sup {zn(5) = 2 (4) }-

L takes values in Ng U {oco}. The intersection [z,n) N [z,§) is defined as the
segment [z, t(x)] with
t(x) := xy(Lye) = we(Lye)
for Ly, < co. (Confer Figure 4.2.)
[z,m) N[z, &) = [x,n) = [2,€)
for Ly, = oc.
The intersection is commutative by construction, since Ly¢ = L¢y,. If there

is no danger of confusion, we drop some of the indices of L.

Figure 4.2: Intersection of rays with a common origin

Ut T

[ -4

4.5 Definition (Visual metrics on the border). Thus prepared we define a
distance on 7 (c0) by dq (1, &) := e Lne. d, is called the visual metric on T (co)
with respect to x.

By equations (4.2) and (4.1) for all n,£ € T(c0), x € VT and h € Is(7)
holds (hx)(pw (i) = h(x,)(i) = h(z,(i)) for all i € No. Hence by bijectivity of
h one has x,(i) = x¢(i) < (h)(hy) (i) = (hw)ne) (7), which implies
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4.6 Lemma. For every vertex x € VT the distance d,(n, &) = e "¢ is a metric

on T (00).

Proof. We choose three border points a, 3,7 and verify d,(o,a) = e Fea =
e =0,dy(a,8) =0= Log =00 = [r,0) = [z, ) = o = § and dy(a, ) =
e Las = e~Lsa = d,(B,a). For transitivity we consider several cases. If Loz <
Lo~ then dg(a,y) = e bor < e7lov < e7las 4 e7lov = d,(a, B) + du(B,7)-
Similarly for Lgy < Loy we find dy(c,v) < de(e, 8) + dz(8,7). In case that
Log > Lo~ and Lgy > Le~, the ray [z, ) shares with both [z, ) and [z,7) a
segment of length Lo, + 1. Hence [24(0), 2o (Lay +1)] = [25(0), 25(Lay +1)] =

O

[4(0), 2y (La~y + 1)] implies Loy > Loy + 1.

4.7 Proposition. The metrics d, and dy are equivalent for all vertices x,y €

VT. More specifically one has the bounds

e dy (0, €) < dy(1,€) < "V dy(n,€)

for all border points n,&.

Proof. We are going to show the inequality (with notation as in Definition 4.4)

d(yvt(y)) Z _d(xvy) + d(xvt(x))

for all vertices z,y, which gives the right inequality of the statement. The left
one comes from interchanging x and y.

As a main step we show that the path [z,t(z)][t(x),t(y)] is reduced for all
vertices z,y € VT (similarly [y, t(y)][t(y), t(x)] is reduced). If this was not the
case, then [t(y), t(x)|[t(x), n) = [t(y), ) as well as [t(x), t(z)][t(2), ) = [t(3). €).
Since both [y, t(y)][t(y),n) = [y,n) and [y, t(y)][t(y),£) = [y, &) hold, one obtains

[y, t)][t(y), t(@)][t(x),n) = [y,n)
and [y, t(y)][t(y), t(2)][t(2), &) = [y, ).

Additionally, since [z,t(z)][t(x), t(y)] was supposed not to be reduced, one can
assume the length of [t(x),t(y)] to be positive. This is a contradiction to the
definition of ¢(y) as the vertex of [y,n) and [y, £) most far away from y.

The following two cases basically correspond to the two situations indicated

in Figure 4.3. If [t(z),t(y)] has positive length, then [z, ¢(x)][t(x), t¢(¥)][t(v), ]

66



Figure 4.3: Different ways of intersections (up to symmetry)

S O N/ .~/ B
I I *—=o y
X y

is reduced, since its partial compositions are. Then by Lemma 1.25 d(z,y) =
d(z,t(z)) + d(t(x), t(y)) + d(t(y),y) > d(z,t(z)) — d(y, t(y)). Otherwise t(x) =
t(y) and d(z, t(x)) < d(z,y) +d(y, t(z)) = d(z,y) + d(y, t(y)). O

This property is a very beneficial one, since it implies, that the induced
metric topologies on the border will all be the same. We will come back to

topology in Section 4.4.

4.8 Lemma. The metric space (T(c0),d,) is a complete metric space for all

reVT.

Proof. Assume (§;)jen is a Cauchy-sequence with respect to the metric d,.
Then by definition for all € > 0 there is a s(e) € N, such that for all natural
numbers m, n > s(€) dg(§m, &) < €. Hence for all [ € Ny there is ¢(I) € N, such
that for all m,n > t(I) the length of the ray [z,&y) N [z,&,) is greater equal
that I. We write X for [z,&;) and can restate above property as: For all | € Ny
there is t(I) € Ny such that for all m,n > t(I)

We define a vertex sequence by
Y(k‘) = Xt(k)(k) for k € Np.

For each finite vertex sequence Xy(g)(0), . .., X¢)(1) we choose T'(I) := Inax t(1).

Then by assumption Y (i) = X;(;)(i) = Xp(; (@) for all 0 <4 <[, hence

[Y(0),Y(D] = [X70)(0), Xr@y (D),
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thus Y is reduced. Now for the border point w € 7 (0c0) with Y € w we get
Log, =len(Y NX,) >1foralln > T(l), ie. dy(w,&,) <e ! for all n > T(I)

or equivalently lim &; = w. O
j—o0

4.9 Proposition. Each sequence (&,)nen in the metric space (T (00),d;) has

a subsequence converging to an element of T (00).

Proof. We use a method called diagonal process. We introduce W,, := {y € VT :
d(z,y) = n} for n € Ny. These are all finite sets because 7 is locally finite.

Suppose X0, Xo0,1, Xo0,2, - - - i the sequence of rays in 7,(co) corresponding to
the border points &y, &1, &2, - . ., all of which have the common origin z.
We can choose a subsequence (X1,:);cy, C (Xo,i);cy,. Which contains only

rays that coincide in their second vertex X ;(1). The choice of such a subse-
quence is possible because by finiteness of W7 = {y € VT : d(z,y) = 1} at least

one vertex y € W1 pertains to infinitely many of the rays (X ;) . By finite-

1€Np

ness of Wy we can choose a subsequence of rays (Xs ;) C (Xl»i)ieNo sharing

1€Np
the third vertex X5 ;(2). This selection of subsequences can be continued induc-
tively by choosing (X”ﬂ')ieNo C (Xn_u)ieN0 with equal vertex X, ;(n) € W,

and produce
Xo,0, Xo1, Xo2, Xog,
Xi0, X131, Xip2, Xig3,
Xoo, Xo1, Xog, Xag,

The sequence (1;);en, defined by X, ; = [z,7;) for j € Ny is a subsequence

of (&) en,- Choosing k € Ny, the inclusions
(Xo,5)jene D (X15)jene D (X25)jen, D -+

imply that [X,,;(0), X,,:(k)] = [Xk,;(0), Xk, ; (k)] for all ¢, j € Ny and all n > k.
Therefore, in particular L,,,,, > k for m,n > k. This shows dg(1m,nn) < ek
for all m,n > k and proves, that (7;);en, is a Cauchy-sequence. Since the metric

space (7 (00),d;) is complete (cf. Lemma 4.8), this sequence converges. O
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4.3 Horocycles of a tree

4.10 Definition (Projection to a ray). Given a border point w € 7 (c0) and

two vertices z,z € V7T, we define the projection p(x,z,w) of z to [z,w) as the
unique vertex

p(z,z,w) € [z,w) such that d(z,p(z,z,w)) = Ir%in )d(x,z’). (4.4)

z'elz,w

We have to verify that this definition makes sense. The existence of the pro-

jection is clear by well-ordering of N. If p, ¢ are two candidate for p(z, z,w), then

both [z, p][p, ¢] and [z, q][g, p] are reduced, since [p, q] C [z,w) and a projection

is a vertex of [z,w) closest to x. Thus by Lemma 1.25 one has

d(z,p) +d(p,q) = d(z,q) and
d(z,q) +d(g,p) = d(z,p).

The sum of these two equations gives d(p, ¢) = 0 and shows p = q.

Observe that the ray [z,p(z, 2z, w)][p(x,z,w),w) is reduced. We may put
[z,p(z,z,w)] := (x0,...,2) as vertex sequence. Remember also the notation
[p(x, z,w),w) = (24(L), zo(L+1),...) for L =d(z,p(x, z,w)). If above compo-
sition is not reduced, then z,(L 4+ 1) = zx_1 and one finds d(z, 2, (L + 1)) =

k—1<d(z,p(z,z,w)) = m[in d(x,2') in contradiction. This shows
z'Elz,w
p(z,z,w) € [z,w). (4.5)
With equation (4.5) it is clear that d(z,p(z,z,w)) = m[in )d(z,m’) <
z'€|r,w

d(z,p(z, z,w)) and similarly d(z, p(z, z,w)) < d(z, p(z,z,w)), whence the two
rays

[p(z, z,w),p(z, z,w)][P(z, 2, w),w)

[p(z, 2,w), p(z, 2, w)|[P(2, 2,w), W)
are reduced. By uniqueness of reduced paths, we can substitute the lower one
into the top one and obtain that [p(z, z,w), p(z, z,w)][p(z, z,w), p(z, 2, w)] is a

closed reduced path, hence has length zero. This shows

p(z,z,w) = p(z, z,w). (4.6)

4.11 Definition (Intersection). The intersection of [z, w) and [z, w) is defined

as the ray [z,w) N [z,w) = [t,w) for ¢ = p(x,z,w) (see Figure 4.4). Since
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Figure 4.4: Intersection of rays leading to the same border point

the projection is symmetric in the vertices, we obtain commutativity of the

intersection: [z,w) N [z,w) = [2,w) N [x,w).

4.12 Definition (Horocycles). For vertices z,y and a border point w we

introduce the relation
T~ 2 — d({lﬁ,p(l‘,Z,UJ)) Zd(z,p(z,x,w)) (47)

We verify below, that ~,, is an equivalence relation on V7T for all w € 7 (c0).
The classes are called w-horocycles. We will omit the index w to ~ if there
is no danger of confusion. The integer number B, (z,z) := d(z,p(z, z,w)) —

d(z,p(z,z,w)) is called the w-horocycle distance from x to z.

A direct result of (4.6) is B, (x, z) = —B, (%, x) for all arguments x,y € VT,
w € T(00), in particular B, (z,z) = 0.
4.13 Lemma. Suppose n € Z, x,y € VT and w € T(c0). Then B,(x,z) =n

if and only if z,(I +n) = z,(l) for some | € Ny.

Proof. If B,,(x,2) =n € Z, we can put | := d(z, p(z,z,w)) = d(z, p(z, z,w))—n.
Then

zo(l+n) = zu(d(z,p(z,z2w)) = pzw) = paw)
= 2z,(d(z,p(z,z,w))) = z,().

The opposite is also true. If z, (I + n) = 2,(l) for some | € Ny, then

d(z,p(z,2,w)) = min d(z,2") <d(z,2,(1) = d(z, z,(l + n)).

2'EVz,
By equation (4.5), the projection p(z, z,w) is a vertex in [z,w). With above

inequality follows p(z, z,w € [z, 2, (Il + n)] so that Lemma 1.25 shows
d(z,z, (I +n)) = d(z, p(z, z,w)) + d(p(z, z,w), z, (Il + n)).
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An analogous equation can be proved in the same way for z stating d(z, z,,(1))

=d(z,p(z,2z,w)) + d(p(z,z,w), 2,(1)). This allows to calculate

B,(z,z) = d(z,p(z,z,w)) —d(z,p(z,z,w))
= d(z,z,(l+n))—d(z,2,() = n,

using z,, (I +n) = z,(I) when substituting above equations into B, (z,z). O

We have now the tools to prove, that ~, is an equivalence relation. Re-
flexivity and symmetry follow from definition and symmetry of p(z, z,w) in the
vertex variables. For transitivity we suppose x ~ y and y ~ z hence by the
previous lemma we get x,, (k) = yo, (k) and y, (1) = 2z,(l) for some k,! € Ny. If
k < I, the infinite intersection property gives x, (1) = y. (1), hence z, (1) = z,(1),

whence by the previous lemma x ~ z. For [ < k we argue similarly.
4.14 Lemma. The horocycle distance By /(-,-) is constant on w-horocycles.

Proof. Suppose that B, (z,z) = n. Lemma 4.13 states, that for some ! € Ny
one has z,(l +n) = z,(l). If a vertex y satisfies y ~, z then B, (y,z) = 0,
hence for some k € Ny we have y, (k) = z,(k). For L := max{k,l} we get
2w (L +n) = 2,(L) + y,(L) and therefore B, (z,y) =n = By, (x, z). This shows
the assertion for the second variable of B,,. The same is true for the first variable

of B, since B, (y,z) = —B,(z,y) = —Bu,(z, 2) = B,(z, z). O

4.15 Lemma. Suppose, 7 is a bi-infinite reduced path and a pair of vertices

r(k),r(l) is given. Then

(r(0),r(1),7(2),...) Ew = By(rk),r(l))=1-k
(r(0),r(=1),7(-2),...) Ew = B,(rk),r(l)) =k —1.

Proof. By definition of the horocycle distance

If & < then p(r(k),r(l),w) = r(l), hence B,(r(k),r)) = d(r(k),r()) =
I —kl =1—k. Ifl <k then p(r(l),r(k),w) = r(k), hence B, (r(k),r(l)) =
—d(r(k),r(l)) = —|k — 1| =l — k. For the second assertion, consider the path
defined by s(i) := r(—i) for all i € Z, which clearly satisfies the condition of
the first assertion, therefore B, (r(k),r(l)) = B, (s(—k),s(=1)) = (-1) — (k) =
k—1. |
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In the notation of a ray by a vertex and a border point, the above Lemma

can be expressed as follows.

4.16 Corollary. For each w € T(c0) and x € VT holds B, (x,(k),z,(1)) =
l—Fk for all 1,k € Ng.

4.17 Lemma. A reduced bi-infinite path r = ... r(=1),r(0),7(1),... with

r(0),r(1),7(2),... € w intersects each w-horocycle exactly in one vertex.

Proof. If z € H for some w-horocycle H, and n = B,(r(0), 2) we set r, =
[r(n),w). Lemma 4.13 gives r,,(I) = r(l + n) = z,(l) for some [ € Ny, whence
B, (r(n),z) = 0 gives r(n) ~, z. This shows r(n) € H because w-horocycles
are the classes of the equivalence relation ~,, and we can deduce, that each
w-horocycle contains at least one vertex of r.

If there are two vertices r(l), (k) in the same horocycle, the proof is com-
pleted by k — 1 = B, (r(l),r(k)) = Bu,(r(l),r(l)) = 0 through Lemma 4.14 and
Lemma 4.15. g

These results enable us to label the w-horocycles of V7 by integer numbers.

Confer Figure 4.5 and Figure 4.6.

Figure 4.5: Horocycles: Vertices are accompanied by the horocycle distance

B, (-, x) to the vertex z.

2 1 0
/N \
373730133 2) 2 £ o1

37373°3° 3732722 2

Given three vertices z,y,z of 7 and a border point w € 7 (c0), we choose
any reduced bi-infinite path » € R7T such that (0),r(1),7(2),... € w. By the

previous lemma there are numbers k, I, m € Z, such that r(k) ~ z, r(I) ~y and
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Figure 4.6: More Horocycles. (Meaning of numbers as in Figure 4.5)

Bu(z,y) + Bu(y,z) = Bu(r(k),r(l)) + Bu(r(l),r(m))
m—k

Il
Sy
€
—
)
—~
Dy
>
=
—~
2
~
|

B, (z,z2).

B,(z,x) = 0
Bu (xv y) = _Bw (y7 x) (48)
B,(z,y) + Bu(y,2) = Bu(z,2).

The section is abandoned with an equation for the horocycle distance in-

volving isometric actions on its variables:

4.18 Lemma. Given an isometry h € Is(T), z,y € VT and w € T(00), one
has d(z,p(z,y,w)) = d(hx, p(hz, hy, hw)).

Proof.
d(hz,p(hz, hy, hw)) = min d(hz, 2)
z€[hy,hw)
= min  d(hx,hz’) = min d(z,2’)
hz'€[hy,hw) 2/ €ly,w)

= d(m,p(x,y,w)).
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Directly from definition follows with this argument
Bpo(hx,hz) = B, (z, 2) (4.9)

forall h € Is(7), z,2 € VT and w € 7 (00). Statements like this one are often

considered as transport of structure in the literature.

4.4 'Topology on the border of a tree

A metric on a set can be used to define a topology for this set, referred to
as metric topology (cf. [18]). The definition is based on the declaration of the
family of open spheres of the metric as the basis for a topology. In the reference
above is a proof that this method can be applied. In our case, the metric d,(, -)

assumes only the values
et e 2 e 3 ... and 0.

A sphere of radius zero is empty and each subsequent pair e % e~ has a
positive distance. Therefore the open spheres about a border point w € 7 (00)

with respect to the metric d, can be labeled for n € Ny as
O (w) ={n€T(c0): dp(w,n) <e "}

or equivalently as

Q% (w) = {n € T(o0) : LT, > n}.

In particular Qf (w) = 7 (c0). Figure 4.7 shows an illustration of Q% (w) rep-

resented by reduced rays in the relative border 7, (co) with common origin z.

It is useful to have an additional way of writing the open spheres QF (w).

Therefore we introduce for z,y € V7 the set
Qr,y) == {w € T(o0) : y € [1,w)}.

In the representation by elements of 7, (c0), this set consists of all rays starting
at x and passing through y. Every sphere in 7 (c0) can be written in the form
Q(x,y) because

QF (w) = Q(z, z,(n)). (4.10)
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Figure 4.7: An open sphere of radius e™3

In more detail this can be shown step by step as
nef(w) & Ly,>n
& [z,n) = [z, 20(n)][z0(n), n)
& zu(n) € [z,n)
& neQ,z,(n)).

Equation (4.10) proves, that the family of open spheres to the metric d, can
be written as {Q(x,y)}yevr. By Theorem 5 in [18] a metric topology satisfies
the second countability ariom, i.e. there is a countable basis for this topology.
Indeed we know now that the basis {QZ (w)}neNM €7 (s0) 1S countable itself since
V7T is countable as 7 is a locally finite tree. So the most general open set is a
countable union of these spheres.

We give some more technical details before making convenient statements:

For each two vertices z,y € V7T is

= {neT(0): ze[ ) y € [z, 2]}
Lemma 1.25 {neT(0):2€x,n), [2v]y,2]Iis reduced }
- U Qz,2).
[z9]ly.2]
is reduced
(4.11)
In particular if [z, y][y, 2] is reduced, then
Qz, z) C Qz,y). (4.12)

If we suppose that len[z,y] = m > 0 and len[y,z] = n > 0 then n € Q(z,2) &

x,(m+n) = z. Hence the union (Jiz,y)[y,2] is reduced (2, 2) is disjoint. Also each
len[y,z]=n

(6]



reduced ray from z passing through y has a vertex in distance m + n from =z,

thus for all n € Ny

Qz,y) = L] Q(z, 2). (4.13)

[179] [y,Z] is reduced
len[y,z]=n

If we apply equation (4.13) to the case © = y, we obtain for all n € Ny

T(c0) = |_| Wz, 2) = |_| Oz, 2).
2,%)

[z,z] is reduced d(z,z
len[z,z]=n

=N

This shows that Q(z, z) = T (00) \ L Q(z, z'), whence all open spheres
d(z,2")=d(=,2)
2 #z
are also closed.
Since (7;(c0),d;) is a metric space and each sequence has a convergent
subsequence (cf. Section 4.2), Theorem 5 in [18] proves that 7 (co) is compact.
In particular the open spheres are compact as closed subsets of a compact space.

We give a summary of what has been said about topology of the border so far:

4.19 Proposition. The base {25, (w)}nen,,weT(o0) 0f the metric topology of d.
equals {Q(z, 2)}.evr. All members of this countable family are open, closed and

compact. In particular T (c0) is compact.

There is more deduction from metric properties of the visual metrics for

metric the topologies.

4.20 Proposition. Fach metric d; on T (00) induces the same metric topology

on T (c0).
Proof. Proposition 4.7 states that two metrics are equivalent in the sense that
eid(w’y)dw(na@ <dy(n,§) < el d, (1,€)

for all z,y € VT and 1,§ € 7 (c0). This implies, that the metric topologies of
d, and d, coincide (confer [18]). O

This topology, which is the metric topology to any of the visual metrics d,
will be referred to simply as the topology of T (o).

For use in the next section, we prepend one more useful technical statement:
Q({E,y) = Q(xnflaxn) (414)
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for [x,y] = zo,...,zy and n > 1. This follows from

neQr,y) © yelr,n) < [ro,zn][xn,n) is reduced
& [Tp-1,Zn][Tn,n) is reduced <& x4, € [X4p-1,7)

S neUNrp_1,Tn).

A set M C T(o0) is connected, if it is not a union of two non-empty sets
MnNA and MNB where A and B are both open and disjoint. If a set M € 7T (o0)
contains two points 1 # &, then d(n,§) is positive. Hence L, < oo and for
n = Ly, +1wehave ,(n) # x¢(n). As both A = Q(x,z,(n)) and B =T (c0)\ A
are open, 11 € A and £ € B, the equation

M=MnNT(x)=MnNAUMNB)

shows that M is not connected. Only subsets of 7 (co) with one element are

connected. Topological spaces with this property are called totally disconnected.

4.5 Locally constant functions

A function F' : T(c0) — C is called locally constant, if for every w € 7T (c0)
there exists an open set M, such that w € M and F' is constant on M, i.e.
F(n) = F(w) for alln € M. We already know many examples of locally constant

functions:

4.21 Lemma. For fized x,y € VT the function w — By(x,y) is a locally

constant function on T (00).

Proof. For z,y € VT and w € 7 (o0) [z,w) and [y,w) have infinite intersection,
say Z,(n) = y,(m). This implies by Lemma 4.13 B, (x,y) = n — m. Observe
also y,(m + 1) = z,(n + 1). We want to show that B, (z,y) is constant on
OF 1 (w). Say n € QF | (w). This implies z,(n + 1) = z,,(n + 1). Furthermore

QW) = Qzazent1)) 2P

= Qu(m),gu(m+1)) LY

QA (n), 2y (n + 1)
Q(yvyw(m+ 1)) = Qz{n+1(w)a

whence y,(m + 1) = y,(m + 1). Finally, by Lemma 4.13 holds B, (z,y) =
(n+1) = (m+1) = Bu(z,y). O
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It is important to observe, that the set
5(7(0))

of all locally constant functions on 7 (00) is a vector space. This is due to the
fact that the set of maps from some set to a vector space is a vector space and
that the intersection of two open sets is an open set. The action of Is(7") on

7 (00) induces an action on S (7 (c0)) by

hxo(n) == o(h™'n) (4.15)

for h € Is(7), ¢ € S(7(c0)) and 1 € T(c0). Firstly it is a general property,
that a group acting on some set acts also on every function space over this set.
This can be written as (Id * ¢)(n) = (Id ') and h* (g * ©)(n) = g * (h~'n)
=g~ 'h ') = @((hg)~'n) = (hg) * (n) for all g,h € Is(T), p € S(T(c0))
and n € 7T (o).

The fact that h € Is(7") indeed maps locally constant functions to locally
constant function is due to the property of isometries mapping continuously
from 7 (00) to 7 (c0): By equation (4.3) holds d.(n,£) = dpe(hn, hE) x € VT,
n,& € T(o0). Hence

A pw) = {h'n€T(c0) da(w,n) <e ™}
= {£e€T(c0):dy(w,h) <e ™}
= {€eT(c0):dp1,(h 'w, &) <e ™} = Qh'e(p-ly).

Given w € T(0), ¢ € S (7 (c0)) is constant on some dj,-1,-sphere about h 1w,
by Proposition 4.19 and Proposition 4.20. Say ¢ is constant on Q" '#(h=1w).
Then h * p(w) = ¢(h~'w) shows with above equation that h x ¢ is constant on
the d,-sphere QF (w) about w.

For later use we write the action of isometries on spheres of the form Q(z, y).
Assume d(z,y) =n > 0,71 € Q(z,y) and h € Is (7). Then hQd(x,y) = hQ=(n) =
Q"= (hn) by above equation. Since (hx) () (n) (L2 h(zy)(n) = h(zy(n)) = hy
one has

h(x,y) = Q(hx, hy) (4.16)

for all x,y € VT and all h € Is (7).
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We introduce for sets M C 7 (00) the characteristic function

T(0) — C
XM 1 fweM
0 fwgM

By definition we can find for every locally constant function ¢ € S (7 (c0)) a
family {O,} of open sets such that ¢ is constant on each member. Choosing
a vertex x € V7, we can use the open spheres of d, to write each member of
{O4} as a union of Q(z, z)’s and consider the cover of these spheres instead. By

compactness of 7 (o0) this new cover has a finite subcover and we can write

¥ = a(zl)XQ(w,zl) +o 4+ a(zk)XQ(w,zk) (417)

for some «(z;) € C, z; € VT (1 <i < k) and k € N. Such a decomposition
can be done for every locally constant function, hence S (7 (c0)) is generated by

{XQ(z,z)}ze\/T and we can write

S (T () = { Z (2)Xq(z,2) : @(z) € C, V' C VT finite } . (4.18)

zeV!

Note that each of the sets Q(z, z;) appearing in equation (4.17) can be split

up by equation (4.13) into a disjoint union

Qz, 2;) = |_| Q(z,2")

[z,2:][2i,2"] is reduced

d(z,2")=n
whenever n > N := 1lga<xkd(a:,z¢). Hence for each ¢ € S (7 (c0)) there is
N € Ny such that for all_n_z N
d(z,z)=n

for some constants 5(z) € C. We can write a modified version of equation (4.18)

as

S(T() =< > Bl2)Xaw.: :B() €CneNyn>K (4.20)
d(z,z)=n

for all K € Np.
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Application
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Chapter 5

A dynamical system

5.1 Setup and overview

The dynamical system we are going to work with is based on the geodesic
space G(A,ia) of a finite connected edge-indexed graph (A,is). Elements of
the geodesic space are bi-infinite geodesics in (A,i4), we call them geodesics
(confer Chapter 2).

On top of the geodesic space we put a shift operator L, which acts as a left

shift on each geodesic g:
(Lg)[iyi+ 1) :=gli+1,i+2] forall ie€Z. (5.1)

L maps geodesics to geodesics, since its action can be regarded as a right shift
R on the domain of definition 75 of a geodesic g. Explicitly, R(7) := ¢+ 1 defines
an automorphism of 73 (cf. 1.23) such that R[i,i+ 1] = [i + 1,7+ 2]. Hence gR
is a geodesic which equals Lg since gR[i, i+ 1] = g[i + 1,1+ 2] = Lgli, i + 1] for
all i € Z.

The operator L=1 defined by (L™1g)[i,i + 1] := g[i — 1,4] is left and right
inverse to L. Hence the shift operator L is invertible and generates a group.
We set L(n) := L™ for all n € Z to obtain a group homomorphism from the
time Z to the set of invertible transformations from G(A,i4) to G(A,ia). In
other words, the time Z acts on the geodesic space G(A4,14). The geodesic space
together with the shift operator, (G(A,ia), L), is called a dynamical system.

We are going to follow two main lines for analyzing this dynamical system (see
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Figure 5.1: Translations of the geodesic space

| / R(T) ——— T(0)xT(0)XZ
g (A, IA)
\ (

P(LT(Aia))

Figure 5.1).

One easy to understand yet very clarifying correspondence is that one of
G(A,i4) with the space P(L1(A,i4)) of positive bi-infinite paths in the oriented
line graph £1(A,i4)) (cf. Section 2.2). The assignment (Cpg)(i) := g[i,i + 1]
for all i« € Z defines a bijection Cp : G(A,ia) — P(LT(A,14)). We can define
an operator Lp on P(L1(A,ia)) by Lp := CpLC,' to make the diagram

G(Ais) —E—  G(Aia)

- Je-

P(LT(A,1a)) E— P(LT(A,1a))

commute, i.e. LpoCp = Cpo L. Now the time Z acts via Lp on P(LT(A,ia))
and the Z-action of the time commutes with the identification Cp. A direct

calculation yields for any positive path p € P(L1(A4,i4))

(Lpp)(i) = (CpLCp'p)(i) = (LCR'p)[i,i+1]
= (Ca'pli+1,i+2] = pl+1).

The action of Lp on a p corresponds therefore to a left shift, so the dynami-
cal system (P(L1(A,i4)),Lp) corresponds to a topological Markov chain with
Markov graph L£1(A,i4) and Markov matriz [M] given by
1 if a,bis a geodesic in (A,1i
M, = & (A1) (5.2)
0 if a,b is not a geodesic in (A,i4)
for all vertices a and b of L1 (A,14). (Confer [3], page 50.)
A survey of this chapter follows. For the main part attention shall be drawn

to the top line of Figure 5.1. Fixing a base point x¢g € VA there is a tree 7 =

(A,ia, o) called the universal cover of (A,i4) and a group G = m1(4,i4,%0)
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called the fundamental group, such that G acts on 7 with quotient graph A =
G\T and quotient morphism 7 : 7 — A (cf. Chapter 3). An identification
of the geodesic space G(A,i4) with a quotient of R(7) by left action of the
full group G is written in Section 5.2. Topological arguments about the group
Gy are used. Coordinates are introduced in Section 5.3 for reduced paths of
the cover R7. A path is expressed in terms of two distinct border points and
an integer value. The action of the time shift and the action of isometries are
written in these coordinates. In Section 5.4 we relate a-dimensional densities
on the border of 7 to G y-invariant eigenfunctions F' of a linear operator R on
the function space over the edge set of 7. The central isomorphism of vector
spaces will be proved in detail. Section 5.5 deals with questions of existence
of that eigenfunctions. By G-invariance of R, the operator can be translated
to the finite edge set EA. Its coordinates will be calculated and eigenfunctions
can be identified through the Perron Frobenius Theorem. The functions in
turn will be used in Section 5.6 to write invariant measures for the topological
Markov chain (P(L1(A,i4)), Lp). Indeed they define Markov measures, if the
full group G is uni-modular. They have a time-reversal symmetry. In the
special setting of graphs with minimal edge indexing one obtains Perry measures.
Section 5.7 discusses the ergodic properties of the topological Markov chain
(P(L*(A,i4)), Lp) endowed with the measures of Section 5.6 (and more general
Markov Measures) following well known standards of symbolic dynamics. We
are however in the position to relate these properties directly to the edge-indexed

graph (A,ia) through the results of Sections 2.4 and 2.5.

5.2 Translation to the universal cover

The results of this section allow us to consider a dynamical system on 7 rather
than (G(A4,14), L) itself.

There is a shift operator Lz on R7, which preserves the classes of the action
of Gy. For a reduced path r we define Lg by (Lg7)[i,i+ 1] := r[i + 1,7+ 2]
for i € Z. Li acts on R(7T) by the same arguments as L acts on G(A,i4). The
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diagram
RT hels(T) RT

i | | 2=

RT T)RT

commutes, since

Lroh(r)i,i+1] = h(r)fi+1,i+2] = h(rli+1,i+2])
= h((Lgrr)[i,i+1]) = hoLg(r)i,i+1]

for all 4 € Z and all reduced paths r. Fixing a reduced path r we can now write
Lrh(r) = hLgr(r). Taking the union over all isometries of G, this equation

becomes
Lz (G¢p) = Gy (Lrp) (5.3)

and shows, that Lg induces an operator acting on the space Gf\R7. We call
this operator also Lz. Lz defines now a Z-action on Gf\R7. We would like

write a Z-equivariant identification
GAR(T) — G(A,ia). (5.4)

The crucial point will be to establish injectivity. An argument using compact-

ness of vertex stabilizers will help.

5.1 Lemma. The quotient morphism 7 : T — A induces a map R(T) —

G(A,i4) and a map 7 : G \R(T) — G(A,ia).

Proof. If we show that m maps reduced paths of length two to geodesics, this
property then generalizes to bi-infinite reduced paths. Assume that (a,b) is a
reduced path of length two, = o(b). If 7(a,b) = (7(a), (b)) is not a geodesic,
then m(b) = 7(a) and i(7b) = 1. By equation (3.8) one has 7 *(7b) = {b} which
equals 7, '(7a) = {@}. Hence b = @, which is impossible for a reduced path.

The second assertion becomes clear because 7 is G g-invariant. O

5.2 Lemma. The map m : G¢\R(T) — G(A,ia) induced from the quotient

morphism 7 of Gy is onto.

Proof. Note that for any geodesic (a,b) of length two in (A,i4) and any edge

a € 7~1(a) there is an edge b € Wt_((ll) (b), such that a,b is reduced. Otherwise @
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is the only edge of St7 (t(a)) projecting to b under 7, hence by equation (3.8)
i(b) = 1. Then b = 7(a) = a shows that a,b was not a geodesic.
Given any geodesic g in G(A,i4) we can use Lemma 1.29 and the above

remark to find inductively a reduced ray ¢ = ¢[0,1],¢[1,2],... in 7 such that

m(c) = ¢[0,1],9[1,2],9[2,3],....

Analogously we can construct a reduced ray d = d[0,1],d[1,2],... with 7(d) =

g[0,1],9[—1,0], g[—2,—1],... and d[0, 1] = ¢[0, 1]. The path p with edge sequence

d[—i,—i+1] forall <0

pli,i+1] =
cliyi+1] forall i>1

is then a reduced bi-infinite path in 7 with = (p) = g. O

5.3 Proposition. The quotient map 7 of Gy induces a one-to-one map from

GA\R(T) to G(A,ia).

We prove Proposition 5.3 in three steps and prepend a preliminary observa-

tion, which will be used later again:

5.4 Lemma. For any two reduced p and q in T of finite length, such that
m(p) = w(q), there is an isometry g € Gy with ¢ = g(p).

Proof. For two path ay, by of length one, the equality 7w(a1) = m(b1) is equivalent
with the existence of an isometry g € Gy such that by = g(a1), since 7 is the
quotient map of the action of Gy on 7.

For paths of length greater one, 7 still induces a projection from the cover
to the quotient graph. Different G orbits of such objects may however project
to the same quotient object. We prove now that Gy is large enough (for the
purpose of equation (5.4)).

Inductively we assume the existence of gp € Gy such that
(bl, ey bm) = gB(CLl, ey am).

Both (b1,...,bm+1) and (b1,...,bm,98(am+1)) are reduced paths, hence for

Er = {bm+1,bm+1,98(am+1),98(am+1)} one has Er N {b1,..., b} = 0 by

injectivity of reduced paths in trees.
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Therefore by, ..., b, is a path in the connected component at o(b,,11) in
7T \ Er and Lemma 3.11 provides an isometry gy € Gy with gy (b;) = b; for all
1 <i < m, and with gn(95(am+1)) = bm+1. This shows Hence gngp(a;) = b;
forall 1 <i<m-+1. O

It is not obvious if one can extend the property of Lemma 5.4 to paths of
infinite length, because an infinite product of group elements can not be defined
without some notion of convergence. The solution which will be given here,
makes use of a topological argument. First the statement of Lemma 5.4 shall

be modified slightly.

Step 1 (Proof of Proposition 5.3). Suppose there are two reduced paths
p,q € R(T) such that w(p) = 7(q) and p[i,i + 1] = g[é,7+ 1] for all ¢ < 0. Then
for every natural number K > 0 there exists an isometry h € G satisfying

h(pli,i+1]) = g[i,i + 1] for all ¢ < K.

Proof. We can use exactly the same arguments as in Lemma 5.4. For the root
of induction (K = 0) we take h := Id|7. For a step we assume the existence of

an isometry gp € G such that
gp(pli,i+1])) =qli,i+1] forall i< K—1.

The infinite path L := (..., ¢[K — 2, K — 1], ¢[K — 1, K|]) has no edges of Fr :=
{95WIK. K + 1)), 95 GIK, K +10).[K. K +1],q[K. K + 1]}, since g (p) and g
are reduced paths (by injectivity of reduced paths in trees).

Thus L is a path in the connected component of gg(p(K)) = ¢(K) in the
graph 7\ Eg. Then by Lemma 3.11 there is an isometry gy € G¢ with gn(L) =
L and gn(9B(p[K, K +1])) = ¢[K, K +1]. The group element gy ogp € Gy has
the desired property to complete an induction step for K. O

Step 2. For any two reduced paths p, ¢ € R(7) with 7(p) = 7(q) and p(¢) = q(i)
for all 4 < 1, there is an isometry h € G such that ¢ = h(p).

Proof. We can choose by the previous step a sequence of isometries {gx }ren of
Gy with
g:(p(7)) =q(j) forall j <k.
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For each k£ € N we define a subset of Gy by

Gy := {l S Gf : l(p(])) = gk(p(])) forall j < k}

Observe that the each G is non-empty, since g; € Gy, for all k € N. Note also,

that Gog D G1 D G5 D -- -, because

Grr1 = {l€Gy:UpQj) =grra(p(j)) forall j<Fk+1}
c {leGr:l(p()) = grr(p(y)) forall j<k} = Gy,
as gr+1p(J) = q(j) = grp(j) for all j < k.

Each of these sets can be written as Gy = g, (ﬂjgk(Gf)p(j))a an intersec-
tion of vertex stabilizers translated by gi. Vertex stabilizers are compact (cf.
Corollary 3.16), so the intersection is compact, thus the translate Gy, too. In
particular G is compact and all G's are closed, since G is Hausdorff. {G}ren
is therefore a family of closed sets in a compact space, where every finite sub

family has non-void intersection. With this property, Theorem 5,1 in [18] states
0AGINGaNGzN---.

We choose h out of this infinite intersection. For all n < 1 holds h(p(n)) =
p(n) = q(n) since h € G1. For n > 2is h(p(n)) = gn(p(n)) = q(n) since h € G,.
Altogether h(p) = q. O

Last Step. Given two reduced paths p,q € R(7) with 7(p) = 7(q), there is an
isometry h € G such that ¢ = h(p).

Proof. Since mw(p[0,1]) = m(q[0,1]) we may assume that p[0,1] = ¢[0,1] (cf.

Figure 5.2). By the previous step there is an isometry g, € G such that

Figure 5.2: Two geodesics p, ¢ crossing at p[0, 1] = ¢[0, 1]

a(-2) ac)

a-1) a2)

-1 2
52) p(-1) P(2) o)

p(i) forall <0
q(i) forall ¢>1.
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Also, by a symmetry argument, there is an isometry g, € G with

p(i) forall <0

Yq (q(i)) = . .
q(i) forall i>1.

Thus an evaluation gives g,(p(i)) = g4(q(4)) for all 4. This amounts to g,(p) =
94(9), hence ¢ = g, g,(p). -

5.5 Corollary. The map 7 : Gf\R(7T) — G(A,ia) induced by the quotient

map of the action of Gy on T is a Z-equivariant one-to-one correspondence.

Proof. Besides the statements of lemmas 5.1, and 5.2 and Proposition 5.3 it

remains to show that the diagram

GAR(T) 2 GA\R(T)

o |

commutes, i.e. mo Lr = Lom. For all i € Z and all reduced paths r € RT
is m(Lgrr)[i,i + 1] = 7#((Lrr)[i,i + 1)) = a(rli + 1,i + 2]) = (7r)[i + 1,7 + 2]
= L(mr)[i,i + 1]. O

5.3 Description by border points and integers

The main point of this section is to prove a one-to-one correspondence. The
claim is

RT = (T(00) x T(c0)) \ diag x Z (5.5)

for diag = {(n,n) € T (00)xT (0) : n € T (c0)}. We also introduce a Z-action on
the right-hand side of above equation and show that the identification commutes
with the Z-actions on both sides (a Z-action on R7T has been introduced in the
last section). A formula will be given for the action of isometries h € Is (7) on
triples of coordinates (7, £, n) that commutes with with the identification. Only
in this section we prefer to call an element of R7 a geodesic, rather than a bi-
infinite reduced path. There is an illustration of such coordinates for geodesics

in Figure 5.3. To give a prove of equation (5.5), some new notation will be
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Figure 5.3: Visualization: A geodesic in a tree is determined (up to time pa-

rameterization) by a pair of distinct border points.
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developed firstly. We introduce the maps

RT — T(co)

’ g — [900),9(~1),9(~2),..] € Roc/ ~
RT — T(c0)

’ g0 — 1900),9(1),0(2),.. ] € Ruuf ~

a(g) is called the past of g, w(g) is called the future of g and g will be called a
geodesic from the past to the future.

5.6 Definition (Projection to a geodesic). For each geodesic g € R(7) with
vertices Vg :={...,9(—1),9(0),g(1),...} and each vertex = € T, the projection

of x to g is defined as p(z,g) := g(k) such that d(z,g(k)) < d(z,y) for all
y € Vg.

We will have to show, that there exists a unique vertex p(z, g), which com-

plies with this demand. Existence is clear by well-ordering of Ny. For uniqueness

we may choose two candidates p, ¢ for p(z, g).

The path [z, p|[p, 2] is reduced for all z € Vg, otherwise p was not closest to

x in Vg. Similarly [z, ¢][q, z] is reduced for all z € Vg. Particularly, the paths
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[z, p][p, q] and [z, g][¢, p] are reduced. Lemma 1.25 can be used then to calculate
d(z,p) +d(p,q) = d(z,9)
d(z,q) +d(¢,p) = d(z,p).

The sum of these equations reads d(p, ¢) = 0, thus p = gq.
For fixed vertices z,y, a function G(z,y) : R7T — Q is defined as

Gg(xa y) = % (Bw(g) (ZE, y) - Ba(g) (33‘, y)) (56)

for all geodesics g € R7. B denotes the horocycle distance of Section 4.3. For
any fixed vertex € VT, the map

o RT — T(o) x T(0) x Q 5.7)
g — ( alg), w(g), Gy (2,9(0)) )

will turn out to be suitable to prove equation (5.5).
We fix a vertex x and a geodesic g and write « for a(g) as well as w for w(g).

As a consequence of Lemma 4.15 we note

Bu(g(k),g(1)) = =Bal(g(k),9(1)) (=1—-k) (5-8)

for all k,! in Z, since we can define a geodesic g by g(i) := g(—i) for all ¢ € Z.
Then §(0)7§(1)7§(2)7 ... € a and Ba(g(k)ag(l)) = Ba(g(_k)vg(_l)) =—l+Fk
From equations (5.8) and (4.8) one deduces

Gy(2,9(n)) + Balg(m),g(n))
= 3Bu(z,9(n)) = 5Ba(w,9(n)) + Ba(g(m), g(n))
= 3 (Bu(w,9(n)) + Bu(g(n), g(m)) — Ba(x,g(n)) — Ba(g(n), g(m)))
= 5 (Bu(z,g(m)) = Ba(w,9(m))) = Gy(z,g(m))

for all n,m € Z.

To do some explicit calculation of G, we need a connection between the
projection p(+, -, ) to a ray and the projection p(-,-) to a geodesic. We show in
this paragraph

p(z,p(r,9),0) = plz,9) and
p(z,p(z,9),w) = p(z,9)

in two steps. First, there is the distance equality

(5.10)

d(z,p(z,p(z,9), @) = d(z, p(z, 9)).
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From equation (4.4) one has d (z,p (z,p(z,9),w)) = min  d(x,y). This

ye[p(w,g),w)
gives
min  d(z,y) < d(z,p(z,9))
ye[p(z,9),w)
as well as
min  d(z,y) > min d(z,y) =d (z,p(x,9)) .
e (z,y) yevg( y) =d(z,p(z,9))

Second, one can show, that

p(z,9) € [z, ).

This assertion is equivalent with [z, p(z, g)][p(z, 9), @) being reduced. If this ray
was not reduced, there would be a vertex y # p(z, g) in the path [z, p(z, g)], that
appears in the ray [p(z, g), «). The inequality d(z,y) < d(z, p(x, g)) contradicts
then d(z,p(z,g)) = min,evyd(z, ), because [p(z,g),«) C Vg. This proves
equation (5.10) for «. The proof of the second equation for w goes verbatim.
Using these results, one can calculate the contributing horocycle distances

between z and p(z,g) as

Bw(xa p(xag)) = Ba(xa p(xag)) = d(x,p(x,g)), (511)
because
By(z,p(z,9)) = d(=,p(,p(z,9),w)) —d(p(z,9), P(P(2,9),7,w))
C1Y d(2,p(z,9)) - d(p(x,9),p(x,9) = d(z,p(x,9))

by equation (5.10). Similarly one argues for a. Equation 5.11 permits us finally

to evaluate the function G at a first vertex, at the projection p(z, g).

Gy(z,p(z,9)) = 0. (5.12)

Other vertices will be evaluated using this same formula and equations (5.9)

and (5.8): Assuming p(x,g) = g(n) one has for vertices g(m) of g (m € Z)

Gy(z,9(m)) = Gy(x,9(n)) + Balg(m), g(n))
= Gylz,p(z,9))+m—-—n = m—n.

(5.13)
Since ¢ is an injective path, [¢(0),«) and [g(0),w) obviously have no infinite
intersection hence a(g) # w(g). We can write therefore:

5.7 Proposition. The map k, is for each x € VT a map from R(T) to
(T (00) x T(00)) \ diag x Z.
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It is not too difficult to see, that the map g — (a(g),w(g)) is onto (7 (c0) x
7T (00)) \ diag, if ¢ varies in R(7T). For each pair 7,& € T (c0) such that n # &
we can form the intersection [z,z,] = [z,n) N [z,&) (cf. Definition 4.4). The

Z-sequence
) zy(n—1i) for <0
g(i) == _ _
ze(n+1i) for >0
defines a geodesic g € R(7), because [z,x,] contains all vertices, which are
common to z, and to x¢. Obviously a(g) = n and w(g) = £ In the previous

section we introduced an action of Z on R(7) by
Lzr(n)g:=h (5.14)

such that h(i) = g(i +n) for all i € Z = Vh and for all n € Z. By def-
inition of past and future we obtain a(h) = «a(Lr(n)g) = a(g) and also

w(h) = w(Lr(n)g) = w(g). Hence by (5.6)
Gh=Gry(m)yg =Gy (5.15)
For any pair n # £ we choose a geodesic g from 7 to &, say p(z,g) = g(k). Then
Gn(z,h(0)) = Gy(z, (Lr(n)g)(0)) = Gy(x,9(n)) =n—k (5.16)
by equation (5.13) and obtain

for all n € Z. This shows surjectivity of k.

5.8 Proposition. The map kz : R(T) — (T (c0) x T(00)) \ diag X Z is a

surjective map for all x € VT .

The section shall continued with a proof of injectivity of x,. Assume g, h €
R(T), a(g) = a(h) and w(g) = w(h). [g9(0),w) and [h(0),w) have infinite
intersection, hence g(k) = h(l) for some k,! € Z. Then [g(k),w) = [h(]),w)
shows g(k+n) = h(l+n) for all n > 0, whereas [g(k), «) = [h(]), @) implies that
gk +n) = h(l +n) for all n < 0. This shows h(n) = g(n +m) for m := k — [
and all n € Z, i.e. h = Lgr(m)g.
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If in addition we suppose equality in the third coordinate of the images of g

and h under k, and assume p(z,g) = j, then

0 = Gn(z,h(0)) = Gy(x,9(0))
= GLR(m)g(xv (LR(m)g)(o ) - Gg(x,g(O))
= Gy(z,9(m)) = Gy(x,9(0)) = (m—j)—(0-7)

= m

)
)

by equation (5.13). This shows h = L (0)g = g.

5.9 Proposition. The map k; : R(T) — (T(c0) X T(0)) \ diag X Z is a
bijective map for all © € VT.

Finally, the group actions on the geodesic space G7 are transferred to the
new coordinates in such a way that they commute with identifications k. A

Z-action can be defined on (7 (00) x T (o0)) \ diag x Z by

Lg(n,&,n):=(n,&n+1). (5.18)
for all (n,&,n) € (T (o0) x T(0)) \ diag x Z.

5.10 Corollary. For each x € VT, the map Ky 1s a Z-equivariant identifica-

tion.

Proof. 1t remains to prove that the diagram

RT —2— (T(00) x T(0)) \ diag x Z

i | |2s

RT — (T (00) x T(00)) \ diag x Z

commutes, i.e. Lp ok, = kg 0 L. Since as above a(Lrg) = a(g), w(Lrg) =
w(g) and Grrg = G4, we are done if we show Gg4(z,¢(1)) = G4(x,g(0)) + 1.
But this follows from equation (5.13). O

5.11 Proposition. The action of an isometry h € Is(T) on a triple (n,&,n) €
(T (00) x T(00)) \ diag x Z defined as

h(Tlafﬂl) = (hn7h§7n+ Gh(g) (Z‘,hl‘)) (519)

commutes with the identification ky : R(T) — (T (00) x T(0)) \ diag x Z for
any x € VT .
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Proof. A geodesic g shall be chosen. As above we write a for a(g) and w for
w(g). Simply by definition one obtains k; o h(g) = (ha, hw, Gp(g)(z, hg(0))).
The fact a(hg) = h(a(g)) = h(a) is easily checked. Similarly w(hg) = h(w).
On the other hand, to verify above formula, one has to compare r, o h(g) with
hoke(g) = ha,w,Gy(x,9(0))) = (ha,hw,Gy(z,9(0)) + Ghg)(z, hz)). The
first two coordinates are correct already, so it remains to prove Gy(z, g(0)) +

Gh(g)(w, hr) = Gh(g) (7, hg(0)). This can be written as

Gy(z,9(0)) + Gh(g)(z, h)

5 (Bu(x,9(0)) — Ba(x,9(0))) + 5 (Bn(w) (@, h) = Bya)(z, hx))

@O L By (@, ha) + Bug) (hz, hg(0)) — By(ey (2, hz) — Biay(ha, hg(0))
5 (Bn(w) (2, hg(0)) = Bu(a) (z, hg(0)))

= Gy (,hg(0)).

5.4 oa-dimensional densities on the border

In Section 4.5 the vector space S (7 (00)) of locally constant functions on the
border of a tree has been introduced. The dual space S (7 (c0))™ of this vector
space consists of all linear functions, called functionals, A : S (7T (c0)) — C. This
space is a vector space itself as the range of functionals is C, a vector space. An
a-dimensional density p is a function

" X — S(T(x)

T o gy
such that
() = pry (e *BLw))

holds for all z,y € VT, ¢ € S (7 (c0)). Note that w — B,(z,y) is locally con-
stant (Lemma 4.21). The vector space of all a-dimensional densities is denoted

by D,. Two linear maps will be used for further analysis:

a) Q:D, — CEA
defined as (Qu)(a) := fio(a)(X(a)) for all edges a € ET. We set Q(a) :=
Q(o(a), t(a)).
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b) R:C(EA) — C(EA)
defined as RF(a) :== ). F(b) for all edges a € ET.
o(bZ;%(a)
We introduce the linear subspace E, of C(EA) formed by all functions F,

which are solutions of the linear equation (R — e® - Idg(yy)F = 0:
E, :={F € C(EA) : RF = ¢“F}.

When two edges a,b € ET satisfy o(b) = t(a) and b # @ and £ € Q(b), then
[o(a), t(a)][t(a),§) is reduced. Hence o(a) = o(a)¢(0), t(a) = o(a)e(1) and we
get by Corollary 4.16 B¢ (o(b),0(a)) = Be(o(a)e(1),0(a)¢(0)) =0—-1= —1. So
prepared we find for all 4 € D, and all a € ET
RQu)(a) = > (@ub) = > powmew)
o(b)=t(a) o(b)=t(a)
b#a b#a
Z Ho(a) (XQ(b)eiaB(O(b)p(a)))
o(b)=t(a)
ba
= € Y pe@Xaw) = €Ho@( X Xow)
o(b)=t(a) o(b)=t(a)
b#a b#a
e lo@X@) = e*(Qu)(a).

(4.13)

In other words, the image of the space of a-dimensional densities D, under Q)
is a subspace of E:

Q (Da) C Ea. (5.20)

5.12 Proposition. The map Q : D, — E, is an isomorphism of vector

spaces.
Step 1 (Proof of Proposition 5.12). @ is injective.

Proof. Let p € D, and suppose (Qu)(a) =0 for all a« € ET. For all those edges

a, where [z,0(a)][o(a), t(a)] is reduced (n := d(z,0(a))), one has

pe(@) = o (Xa@e *BPEOD) = em g0y (Xaa))
= e "Qu(a).
For all £ € Q(a) = Q(z,t(a)) C Qz,0(a)) is = x¢(0) as well as o(a) =
x¢(n), hence by Corollary 4.16 Be(z,0(a)) = Be(x¢(0), z¢(n)) = n. Now since
{X0(a) Hz,o(@)]lo(a) t(a)] = {1XQ(e,2) fd(z,2)>1 generates S (7 (00)) we get p,; = 0.

is reduce

d
This holds for all x € VT, whence p = 0. O
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Step 2. For each F' € E, and each x € V7 there is a functional A\, €
S (7T (c0))™, such that

Na(Xae)) = e~ @@ol@)a p(g) (5.21)
for all a € E,, :={an, € ET : ay,...,a, reduced, o(a;) =z} (n > 1).

Proof. For each function space Foy := {czX7 () : €z € C} respectively F,, :=
{ > caXa(a) : ca € Cloralla € E,} (n > 1), the sets of functions {x7(sc)}

acE,
respectively {Xq(a)}ack, for n > 1 form a base. Thus we can define a functional

A on Fy by M (X7(s0)) := Y. F(a). For n > 1 we define a functional A on
acEq
Fu by AX(Xa(a)) = e~ @@ p(q) for all a € E,,.
By (4.19), every function ¢ € S (7 (00)) is in one of the function spaces F;.

If n is minimal such that ¢ € F,,, we say that ¢ is of minimal type n and put
A () = A2 ().

If ¢ is of minimal type n and k > n we say that ¢ is of type k if ¢ € Fi and
Aa(p) = A5 ().

A function of minimal type n is of type n by definition. This is the root of
induction for the following statement: A function of minimal type n is of type

k for all £ > n. Note that
FoCF  CFoCFz3C---

by (4.13). Hence a function of type k > 0 is in Fj, C Fir1. Now if ¢ is of type

0 we can write ¢ = czX7T(00) = 2 CzXQ(a)-

acEy
A(@) = Al Y xow) = X allxew) = ¢ > F(o)
a€F acFE, a€ k1
= aN(XTe) = M(axze) = A(e).

Since ¢ is trivially of minimal type 0, this equals A;(¢) by definition. We
proved, that ¢ is of type 1, too. If ¢ is of type kK > 1 then we can write
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©= D CaXa) = 2. Cap XQ(ars,) and get (we take o(a1) = )

(lEEk A1 yeeey Q41
reduced
)‘Iai—H((P) = /\I;+1( Z CakXQ(ak+1)) = Z Cak)‘];+1(XQ(ak+1))
A1, Q41 A1...,Qk41
reduced reduced
= > cae M F(ap) = Y cqe ™™ Y Flapn)
ay...,Qk4+1 ay...,ak Ak, Q1
reduced reduced reduced
= o ca e F*RF(ar) = Y. cae **RF(a)
ay...,ak ac€FEy
reduced
= X e FG@) = ¥ cMixow) = M(X caxow)
ac€Ey, acEy acEy
= (o)

By assumption of induction this equals A, (), hence ¢ is of type k + 1.

For a prove of linearity of A\, we may consider two functions ¢, 9 € S (7 (c0))
and the sum cp 4+ dip € S (7 (00)). We take M as the maximum of the minimal
types of these three functions (they are then of type M) and get A, (cp + cyp) =
A (ep + cp) = A () + AN () = eXu(p) + eAa(¥). O

Step 3. For each F € E,, the selection of functionals A, z € V7, defined in

Step 2, forms an a-dimensional density .

Proof. S (T (o0)) is generated by {Xq(z,2) }d(z,-)>n~ for all N € Ny as well as by
{Xa(y,2) }d(y,z)>n for all N € Ng. We choose N := d(z,y) + 1 in both cases.
The spheres appearing in theses selections are all of the form Q(a) such that
both [z,0(a)][o(a), t(a)] and [y, o(a)][o(a),t(a)] are reduced.

Now for d(z,0(a)) = n we get for all £ € Q(a) = Q(z,t(a)) = Q(y,t(a)) by
Corollary 4.16 B¢(x,0(a)) = Be(x¢(0),2z¢(n)) = n and similarly Be(y,o(a)) =
d(y,0(a)). Thus Be(z,y) = Be(w,0(a)) + Be(o(a),y) = d(x,0(a)) — d(y, ofa)
and therefore

Ae(Xa@) = e d@e@ap@) = e dwe@lap(g)e-aBl@y)
= Nyxa@e *PEY).

O

Last Step (Proof of Proposition 5.12). @ : D, — E, has a right inverse,

i.e. @Q is surjective.
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Proof. We take Q' the map, which assigns by Step 3 the a-dimensional A to the
function F' € E,. Then

QRF)a) = (QF)ow(xaw) = e C@Dp@) = Fa).

O

Observe, that Is(7) acts on the dual space S (7 (c0))". In Section 4.5 we
saw that Is (7) acts on S (7 (00)). Now for an isometry h we define a functional
h* A by

hx M) == A(h™ % )
for all ¢ € S(7(00)). Linearity translates from linearity of A € S (7 (c0))".
Given a subgroup H < Is(7), we call u an a-dimensional density for H, if the

diagram
X —— S(T(0))"

" [

X —— S(T(x)"
commutes for all h € H, i.e. ppy = h* pe. DX is the set of a-dimensional
densities for H.

Since pne = h * g is equivalent with A= * pp, = pz, the space ng can be

seen as the fixed vectors under an action of the group H on D given by

(h*u)w = hx (Nh—lx)

for isometries h € Is (7)) and a-dimensional densities p. This assignment has to
be verified as an action. It has to be proved first, that h.u is an a-dimensional

density. For any ¢ € S (7 (c0)) one has

(hap)a(p) = hx(up-12)(0) = pp-1z(h 1 x)
= pnory (71 % e BT wh T )y
By (A 5 @) (1w emaBlw))

= o (upery)(pe @PEV) = (hap)y (pem 2 BEY),
Equality at (+) follows from equation (4.9) as Be¢(h™ 'z, h™'y) = Bpe(z,y) =
h=1 % Be(z,y). The action of Is (7) is indeed a group action. For two isometries

g, h we get

hi(gep)e = hx((gsp)n-12) = hx(g*pg-1p-14)
= hg * U(hg)—1z = ((hg)*:u)r
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for all x € V7. Similarly one argues for Id € Is (7).
Q is an Is (7 )-equivariant map. We show h*(Qu) = Q(h.pu) for all isometries

h and a-dimensional densities u. Assume a € E7 is an edge.

Qhwp)(a) = (hei)o@)(X(@) = Hoth—1a)(h™"* Xa(a))
*) (5.22)
= oo (Xam-ta) = (Qu(hT'a) = hx(Qu)(a).

The step (*) is correct, since h™" % xa@)(§) = Xa@)(h) = -1 (§) (4.16)

XQ(h*la)(g)'

Observe once more that DX, the set of a-dimensional densities for H is the
set of H-fixed vectors in D,. That is h.u = p for all h € H if and only if
pu € DH. We introduce the set of H-invariant functions EX = {F € E, :
hxF = F for all h € H}, the action given by h* F(a) := F(h™1a) for all edges
a € ET. The set EX

a )

consisting of functions constant on the orbits of H, is

clearly a vector space.

5.13 Corollary. The map Q : D, — FE, induces an isomorphism between
H-fixed a-dimensional densities and H-invariant functions of E,, for every

subgroup H < Is(T).

Proof. By Proposition 5.12, @ is invertible. Thus one can write Q~(EX) =
(Q'F €Dy i hsF =F} "= (€ Do: h*(Qu = Qut. As Q is an
Is (7')-equivariant map by equation (5.22), this equals

{n€Da:Qhup) =Qu} = {p€Da:hap=p} = DI
O

We want to sort out functionals, that have an interpretation as integrals on

S (7 (00)), so one needs a notion some of positivity. We set
S(T(c0))" :={peS(T(x)): () >0 for all £ € T(c0)} (5.23)

and say an a-dimensional density p is positive, if p, (@) > 0 for all x € V7 and
all p € S (T (c00))*.

D = {u € D, : p is positive }
is called the real cone of positive a- dimensional densities. We define also
Ef :={F€E,:F(e)>0foralle e ET}
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and call these functions positive functions.

5.14 Corollary. The map Q : D, — E, induces a bijection between positive

a-dimensional densities and positive functions in E.,.

Proof. For all u € D} and edges a € ET one has Q(u)(a) = fio()(Xa(a)) >
0, since Xo(a) € S(7(0))". Therefore Q(D}) C E}. Conversely, for ¢ €
S (T (c0))" with notation as in Step 2 we can write o = 3 CaXq(a) for some
n € N and with coefficients ¢, > 0. Since @ is invertible b(}llefE’;oposition 5.12 we
get for F € Ef

Q'F)p) = (Q'F) X caxow)

acE,

= e (Do S ¢(@)F(a) > 0
acE,

and obtain ES C Q(DY). O

5.15 Corollary. For any subgroup H < 1s(7T), the map Q : Do, — E, induces
a bijection between positive a-dimensional densities for H and positive H -fized

functions in E,,.

Proof. This follow directly from Corollary 5.14 and Corollary 5.13. |

5.5 Densities for the fundamental group

Positive a-dimensional densities for subgroups H of the isometry group are quite
interesting, since they give raise to H-invariant measures for the dynamical
system (R7,Lg), which are also invariant under the Z-action of Lz (see [8],
Section 6).

In this section we can identify these densities, using their correspondence to
eigenvectors of a finite matrix through Corollary 5.15. This matrix looks very
similar to the Markov matrix introduced in the first section of this chapter. With
notation as there we take 7 to be the universal cover of an edge-indexed graph
(A,ia) with fundamental group G < Is(7") and projection 7 : 7 — G\7 = A
to the finite connected graph A.
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We are interested in all functions F' € C(ET), that are solutions to the

equations
h+«F = F forall he@G

RF = e°F (5.24)
F(a) > 0 forall a€ET.
We may start solving these equations beginning with the top one downwards.
Functions F' € C(ET) which are invariant under G are precisely those as-
suming a constant values on each G-orbit on E7. So the first equation is solved
if we look for functions in the subspace E€ of G-invariant functions. We will
use the natural base {xa : a = Ga for some edge a € ET } for this vector space.

A base element is defined for edges a € E7T as

1 foraca

0 fora¢a.

Xa(a) =

Using the projection 7 : ET — EA this base can be written without ordering
as

{xa:a € EA}.

The coordinates [Fla (a € EA) of the column vector [F] € C®Al representing
F are fixed by

F = Z [F]aXaa

acEA
see Halmos [20] for notation of linear algebra. We will use functions
1 ifd=<
0 ifdAO

Od, 0 =

for whatever set the two elements &, > may belong to. Note for all functions F'
and edges e € ET

F(e)= > [Flaxa(e) = Y_ [Flaban(e) = [Flre, (5.25)

acEA acEA
in particular xa(e) = [Xa]re = 0a e for elements of the base.

As an approach to the second equation of (5.24) we are going to use the
introduced base of E“ in order to calculate a matrix [R] for R. Before doing so

one must check, that R really induces an operator on the subspace E¢ C C(ET).
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Observe that R is an Is (7 )-equivariant map, i.e. h* R(F) = R(h * F') for all

isometries h:

(h=R(F))(a) = R(F)(hla) = >,  F()
o(b)=t(h~'a)
b#h—1la
= > Fb) = ¥ Fhlg = ¥ (hxF))
o(hb)=t(a) o(c)=t(a) o(c)=t(a)
hb#a c#£a c#a
—  R(h+F)a).

(5.26)
One has now RF(ga) = g~ ' * (RF)(a) = R(g~ ! * F)(a) = RF(a) for all g € G
and a € E7, if F is g-invariant. In this case, the function RF is also g-invariant,
hence R is a linear map E¢ — EC.

The entries of the matrix [R] are fixed by the equations (b € EA)

Rxp = Z [R]a,bXa~ (527)

acEA

To solve for the coefficients, we assume b € EA, e € ET.

Rxv(e)= Y @)= Y xblo)—x(@.

o(c):ﬁ(e) o(c)=t(e)
c#e

For the last term holds xp(€) = b e = g

5.re = Xp(€), the sum can be expanded

as
Y ol = S o1 E s meiald)
o(c)=t(e) cestT (t(e)) Nb

= Z 5a77re(50(b),t(7re)iA (b) = Z 63,7’l’860(b),t(a)iA (b)
acEA acEA

= S ia(b)dane = > ia(b)xale).
o(b)=t(a) o(b)=t(a)

Equation (5.27) now becomes
Rxp(e)= Y ia(b)xale) + (ia(b) — 1)xg(e)
o(b)=t(a)
b#a

for all e € E7, the matrix coefficients can be extracted as

ia(b) if o(b) =t(a) and b#a
[Rlap =1 ia(b)—1 ifb=a (5.28)
0 otherwise.

We call a column vector positive, if all its components are greater equal

zero, strictly positive, if all its components are greater than zero. Note that the
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equation RF = AF is equivalent to the corresponding equation [R][F] = A[F]
in coordinates. By equation (5.25) the function F' is positive, i.e. F(a) > 0
for all edges a € ET if and only if [F] is positive. Therefore problem (5.24) is

equivalent with the problem of finding positive vectors [F] € C/PAl such that
[R][F] = A[F] (5.29)

holds for some A > 0. In many cases a solution to this problem comes form a

Theorem by Perron-Frobenius:

5.16 Proposition. If (A,ia) is a finite irreducible edge indexed graph, then [R)]
has a unique strictly positive eigenvector [F| (up to scaling). The corresponding

etgenvalue is positive and there are no other positive eigenvectors.

Proof. A direct comparison shows [R],, > Mg for all edges a,b. M is the
Markov matrix introduced at (5.2). This is also true for higher powers, since

for two matrices B, C with 0 < B, < Cy, one has inductively

(Bn+1)a7b = Z(Bn)a,chb
c (5.30)
< Z(Cn)a7ccc,b = (CnJrl)a,b

C

for all edges a,b € EA. We can use now ([R]")ap > (M™)a for all n € N and
all a,b € EA.

Since the graph (A,ia) is irreducible there is by for each pair of edges a,b
in A a positive path of positive length len(a,b) > 1 joining the vertices a and b
in the Markov graph £1(A4,i4). Then by Lemma 1.9.4 in [3], the matrix entry
(M'en(a:b)y s positive (M™ counts the number of paths with length n). This
shows ([R]'en(a:0)), , > (Mlen(@d), , > 0.

The definition in [21] for a real square matrix [R] with non-negative entries
to be irreducible is that for each pair of indices ,j there is a number n € N
(n > 1) such that ([R]™),; ; > 0. This is exactly what we verified for the matrix
[R]. Thus by Theorem 1 (Perron-Frobenius) in [21], the matrix [R] has a unique
strictly positive eigenvector [F] (up to scaling). This vector is associated to an
eigenvalue A > 0. Moreover the vector [F] is the only positive eigenvector of

R). O
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With a glance at the original problem of finding positive a-dimensional den-
sities for subgroups of the isometry group, Proposition 5.16 has the following
translation by Corollary 5.15:

If (A,i4) is a finite irreducible edge-indexed graph, then there exists a unique
positive a-dimensional density on the universal cover 7 for the fundamental
group G < Is (7). Since Q! transforms functions to functionals which evaluate

over indicator functions of spheres as
Ao (Xa(a)) = e~ oo p(q)

(cf. (5.21)), these functionals take positive values on all functions of S (7 (c0)) ™\
{0}, cf. (5.23) and (4.18).

Proposition 5.16 is quite potent. In view of Theorem 1 and Corollary 2.9, all
graphs of the class (2.4) are irreducible except for these in BG. Example 5.18
gives a generalizable treatment for finding all positive vectors to the problem
[R][F] = e“[F] for graphs in BG.

Before writing some examples, it may be convenient to translate equa-
tion (5.29) entirely to the underling graph A. A base for the function space
EA can be defined for edges a,b € EA as

5a(b) = 5a,b-
The vector coefficients of a function F' € C(EA) are given by
[Fla= Y [Flods(a) = F(a). (5.31)
beEA
We use an isomorphism E¢ — C(EA) defined by I(xa) := da and its inverse

J given by J(6a) := Xa. The operator R4, corresponding to R becomes R4 =

IRJ.

ge ., EC

Il lz
C(EA) — C(EA)
A simple direct calculation yields [I]ap = dab and [J]ab = dap for the

matrix coefficients of I and J. Thus

[RYap = ([[R][J])apb = Z;i[f]a,c[R]c,d[J]db
= czc:15 [Rlc,ddd,b = [Rla,b



For this equality we write simply R for R4 in future appearances. In coordinate
free notation

(RF)(@) 2

(5.31)

[BFla = ([Rl[Fla = > [Blapl[Fl»

beEA (532)
> [RlapF(b).
beEA

In what follows, we are going to change between writing vectors by coordinates

or as functions where it seems most appropriate.

5.17 Example (Star graphs). A star graph is a tree represented (n > 2) by
the diagram in Figure 5.4. The star graph as a tree is irreducible by Corol-
lary 2.9 and Theorem 1. (Confer in Section 2.6 the last example.) Therefore by

Figure 5.4: A star graph

Proposition 5.16 the matrix [R] has a unique strictly positive eigenvector [F] to
a positive eigenvalue \.

A formula can be given for [F] if there is M > 2 such that i(e;) = M for
all i.!  We make the heuristic assumptions F(e;) = 1 and F(g;) = s for all

i€{1,...,n}. One has
RF(e;) = (M —1)F (&), (5.33)

so X := (M —1)s gives
RF(e;) = A= AF(e;) (5.34)

LIf the indexing is not constant on the edges €;, a calculation of [F] is more complicated.
See Example 5.23.
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as well as

a1 . 2
RF(e) "2V R (e) (39 MA_ - = s = AF(@). (5.35)

This shows that the assumptions have been well chosen. A\ and s can actually

be calculated as follows.

32 P2 (M —1)RF(e) = (M~ 1) <<i<e1> ~ 1) Fler) + éi(ej)F(ej))

=<M—1><, i(ej>—1>,
Jj=1

whence for

NgE!

n )\

A= |(M -1 i(e;) —1 d s= 5.36
R B

the unique positive eigenvector of [R] is given by

[F]=(1,5,...,1,5)T
—~— ~—
~—_———
n times

We used the ordering (e, €1, ..., e,,¢,) for the components of the column vec-

tor.

These results shall be applied to the graph in Figure 5.5. Then A = v/3-12 =

6 and s = % = 2. Indeed, (with ordering a, @, b,b, ¢, ¢ of vector components) the

Figure 5.5: A special indexing for a star graph
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matrix of R is given by

=
I
© o © o ®w o

N O W o w O

o O O o o W
_ o O O = O
o O O w o o
o w o o o o

and [F] = (1,2, 1,2, 1,2)T satisfies [R][F] = 6[F].

5.18 Example (Non-irreducible Circuits — graphs of BG). We
solve [R][F] = e*[F] for circy as far as possible in two settings; the uni-modular
indexing (cirey, 1), and a non-unimodular indexing. The methods may be ex-
tended to general non-irreducible circuits. The base elements of the space of
C(Ecircy) shall be ordered by (a,b,c,d,@,b,¢, d). The edges are labeled in the
diagram in Figure 5.6.
The matrix of R for an indexing constant to one is given by

0 00
0 10
0 0 1
1 00

o o o =

0
0
1
0

_ o o O
o o o

0
1
0
0

We split up the equation [R][F] = A[F] into the two independent equations
BV = \V
DW = AW

for V.= ([Fla, [Flp; [Fle; [Fla)T and W = ([Fla, [Fls, [Fle, [F]E)T. The action
of B on another matrix is a cyclic permutation of rows respectively columns.
Therefore B is irreducible. The eigenvector (1,1,1,1)T is therefore by Perron-

Frobenius the only strictly positive eigenvector. One can show the same property
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for D. The positive eigenvectors of [R] form thus the set of R-dimension two
{(e1,¢1,¢1,c¢1,cC2,C2,Ca, 02)T : ¢1,¢2 > 0} to the common eigenvector 1.
In case that one orientation has indices greater than one (Figure 5.6), there

is a different situation. Under the same base as above, the matrix of R becomes

Figure 5.6: A non-irreducible edge-indexed graph

3

01 00

0 0 5 0
0

0 0 0 2

B|O 30 00
C|D 2 0 0 01
0 1.0 0 0
4 01 0 0
110010

We split up the equation [R][F] = A[F] into the two equations

BV = AV
CV+DW = W
If one chooses V' = 0, then as above the resulting eigenvectors of [R] to the
eigenvalue 1 are of the form {(0,0,0,0,¢,¢,c,¢) : ¢ > 0}.
But there are also strictly positive eigenvectors of [R]. By (5.30) the matrix
B is irreducible, hence has a unique strictly positive eigenvector V' to a positive
eigenvalue A > 0. We can actually calculate the value of \. Multiplication of

block matrices gives

R]" = B™ 0
Thus
(B*V), = ([R]*[F]))a = R*F(a) = R}F(b) = 5R?F(c)

= 10RF(d) = 30F(a) = 30[F], = 30V,
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for any vector V. On the other hand
(BYW), = AV,

gives A = v/30 =~ 2,3403 > 1, since A\, V, > 0. If we plug this solution into the

second equation, we have to solve for W in
(Ml - D)W =CV.

Now (Al — D)(D? + AD? + X\2D + X\31) = (\*1 — D*) = (A* — 1)1, since D* =1
As A >1

(Al - D)~* (D? 4+ AD? + X2D + N’T)

1
M1
and this matrix has purely non-negative entries, in fact only positive entries.
As V is strictly positive and since C has all coefficients non-negative and some
positive, W = (Al — D)~*CV is strictly positive.

Unlike the case of indexing one, the strictly positive eigenvectors of [R] form
here a set of R-dimension one like in the case of irreducible graphs. But in
contrast to these graphs, we get here also a positive eigenvector, which is not
strictly positive, a behavior which has been found for circuits with indexing one
only.

For an explicit example we calculate the first graph in Figure 2.4. The matrix

[R] is given by

0 1

0
2 0
1 0 1
010

and has the eigenvector (0,0,1,1)T to the eigenvalue 1 and the eigenvector

(1,v/2,v2,1)T to the eigenvalue v/2.

5.6 Densities as Markov measures

The main derivations that have been done so far, will come together in this
section. We comnsider a finite, connected and unimodular edge-indexed graph
(A,ia). We take G as the fundamental group, 7 the universal cover, G¢ the

full group and 7 the projection morphism. The geometric construction of the
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border of a tree and the identified a-dimensional densities as eigenfunctions
of the matrix [R] shall be used to write a Markov measure for the topological
Markov chain defined over the oriented line graph £ (A,i4).

We follow Section 7.3 in [8] from M.Burger and S.Mozes. Prior and more
generally, in Section 6.2, the authors use positive a-dimensional densities for G s
to define Z-and G-invariant measures on R(7 ), which then define Z-invariant
measures on G(A,14) via the projection from the tree 7 to the graph A, provided
that G is a closed and uni-modular subgroup of the isometry group. They use
the description of reduced paths in terms of two border points of 7 (co) and an
integer (see Section 5.3).

We are not going to write these abstract arguments here, instead we show
how a-dimensional densities for Gy can be used to define Markov measures
directly for the topological Markov chain (P(L1(A4,i4)), Lp). Thus continuing
we too use a Haar measure on Gy and must assume G to be unimodular in
order to have sufficiently many equations.

These assumptions are justified, since Gy is a locally compact topological
group by Corollary 3.16. Hence there exists a (left-invariant) Haar measure on
the Borel algebra of Gy by Theorem B, Sec. 58, [22]. By Proposition 3.15 we
know that G is a closed subgroup of Is (7). Further G acts without inversions
on 7. H.Bass and R.Kulkarni prove with this in [11], Corollary 3.7, that G is
unimodular if and only if the edge-indexed graph (A4,14) is unimodular.

As first step, we take advantage of unimodularity. Suppose that m is a left-
and right-invariant Haar measure on the group Gy. For each natural number
n > 2 and a geodesic with edge sequence eq,...,e, in (4,i4) we can choose by
Lemma 5.2 a lift p = é;,..., &, as reduced path in 7. We take K, to be the

stabilizer of p in G.

Ky = (Gy)p = N (Gf)a-

2€{0(21),.,0(8n),t(En)}
By Corollary 3.16 K, is an open and compact subgroup of Gy, hence as non-

empty set has positive and finite measure
0 <m(Kp) < oco.
Observe that for any other lifted reduced path ¢ of ey, ..., e, there is g € Gy

110



such that ¢ = gp (Lemma 5.4). Tt follows from

Ky = {he€eGy:hgp=gp} = {heGs:9 thgp=p}
= {gkg ' eGy:kp=p} = g(K,)g!

by uni-modularity of G5 that m(K,) = m(gK,g~') = m(K,). Thus m(K,)

only depends on the geodesic eq, ..., e, and we can define
m(er,...,en) =m(Ke, . &) (5.37)

The stabilizer Kz, , acts on the set StoT(én) ={e € ET :o(e) = 0(éy)} since
o(é,) is fixed by all these isometries. The orbit of &, under this action is given
by

K1 (En) = ok, (ea) \ {1}
The map m,,) is the local projection E7 — EA from the star at o(é,) to
the star at o(e,). To verify this equation, observe that é, 1 is fixed by all
isometries of Kz _,, thus showing é,,_1 ¢ Kz, _,(€,) because &,_1, &, is reduced.
On the other hand, if a € w(j(én)(en) \ {én_1}, one can show a = g(&,) for

some g € K By Lemma 3.11 there is an isometry g € Gy with a = gé,

n—1"°
and ¢ is the identity on the connected component C at o(é,) in the graph
T \ {én,én,a,a}. Since éi,...,é,—1 is reduced, and since é,_1 & {a,é,}, the
whole path é;,...,€,_1 is in C, hence fixed by g¢. This shows g € Kz, ,. Thus
by equation (3.7)

ia(en) for e, Ze€,_1

|Kz,_i(En)| =4
ialen) —1 fore, =¢,-7.

The stabilizer of é,, in Kz

in [17] shows

is given by K&, . é,, thus Proposition I, 5.1

n—1

[Kén—l : Kén—laén] = |Kén—1(én)|'

The cosets of a group form a partition of the same group, thus one has by addi-
tivity and invariance of the Haar measure | Kz, _, (é,)|-m(Ks, _,.¢,) = m(Ke, ),

in other words

m(en_1) _ ia(en) for e, # €,—1 (5.38)
m(€en—1,€n) ialen) —1 fore, =¢€,77.

111



This formula can easily be extended by exactly the same arguments to the more

general case with the statement (1 <k <n —1)

m(eg, - en_1) _ ia(en) for e, # €1 (5.39)
m(ek; ..., en) ialen) —1 fore, =¢,-1.
We copy from [21] all that is necessary for the introduction of Markov mea-

sures. The Markov matrix M given by

1 ifa,bis a geodesic in (A,ia)
Ma,b = (540)
0 if a,bis not a geodesic in (A,i4)
describes exactly the space of positive paths in P(LT(A,i4)) by sequences of

vertices as
P(LT(A,1a)) = {w € VLT(A,14)” : My(iywisr)y =1 forallie Z}.

Lemma 2.2 shows that such a sequence defines a positive path. For any positive

path with vertex sequence ey, ..., e, and any integer j a cylinder is defined as
Z(j,e1,....en) = {weP(LY(Aia) :w(j+i)=¢ foralll <i<n}.

These cylinders form the base of a topology for P(LT(A,i4)). A matrix P €
CIBAIXIEAl ig called a stochastic matriz if all its entries are not negative and

> P,y =1forall a € EA. A stationary probability vector for the stochastic
bEEA
matrix P is a positive left eigenvector p to the stochastic matrix P, i.e. all

entries are not negative and Y. p,P.p = pp for all b € EA. If we suppose,
acEA
that P, = 0 if M, , = 0 the Markov measure pp,y is be defined on cylinders as

Z(j,e = DPe, and
npp(Z(j;€1)) D (5.41)

upp(Z(j,e1,...,€n)) = DeyPeies Pey e, forn>2.

This definition extends consistently to the Borel algebra of P(L*(A,i4)) and

ipp is invariant under the shift operator Lp.

5.19 Proposition. Suppose F' is a strictly positive eigenvector to the matriz
[R] defined at (5.28) with eigenvalue e“. Then the matrix P with coefficients

F(b)

Pa,b =e ¢ F(CL) [ ]a,b

for all edges a,b € EA is a stochastic matriz.
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Proof.

_a F(b e

> Py = ¥ e pBRlay = X [BlapF(b)
beEA beEA beEA

= f;(a)eo‘F() = 1

Since M, = 0 implies by definition [R],, = 0, we see that in this case also
P,p» = 0, so P would define a Markov measure. We would like to calculate a
stationary probability vector. We want even more, we ought to have a stationary
probability vector in terms of the tree 7 and the group Gy only. Thus we assume

that the graph (A4,14) is uni-modular. Then definition (5.37) can be set.

5.20 Proposition. If (A,i4) is a finite connected and uni-modular edge in-
dexed graph and F is a strictly positive eigenvector to the matriz [R] defined at

(5.28) with eigenvalue e®, then the vector p defined in coordinates as

Pa = % (5.42)

for all edges a € EA is a stationary probability vector (up to scaling) for the

stochastic matriz P defined in Proposition 5.19.

Proof. If a,b is a geodesic in (A,i4), then by definition and equation (5.38) one

has [R]qp = n?zgaz))) The stabilizer of the path a is equal to the stabilizer of

@. The stabilizer of a,b equals the one b, @, hence W?Zgb?)) = 1:;%2) = [Rlg 4 If

two edge a,b do not form a geodesic in this ordering, then [R],, = [R]; - = 0.

Altogether
m(a)
Rlop = RJ; 5.43
[ ] b m(b)[ ]b,a ( )
for all a,b € EA. Thus prepared we get
_ F@F(a) ,—a F(b)
anéApaPmb B aezl*;A @ ¢ FG et
(5.43) F@)F(a) —o F(b) m(a _a F _
= EXE;A (m)(a)( )6 F((ag mEb)) [R]E,E = € m((b)) EXE:)A[R]E’EF(Q)
(+) _a F — _aFO) o/t
= e —51((b)) > [Rlgat@ = e —f:l((b))e FOb) = .
aEEA

The step (+) is correct, since it does not matter if we sum over a or if we reorder

this finite sum by summing over a. O
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Under the assumptions of Proposition 5.20 the measure of cylinders can
be written more explicitly: For n > 2 and every positive path ey, ..., e, of the
oriented line graph, formula (5.39) gives [R]e, ., = % Omitting the

integer j in the definition of cylinders (i.e. using Lp-invariance of the measure)

one gets inductively

HP,P(Z(ela"'aen)) = p81P€17€2 "'Pen—1,8n

= ppp(Z(er,...,en-1))Pe, 1,
F(a)F(en_l)eia(ni2) 6701 F(en) ) [R]€n717€n

m(er,...,en—1) F(en—1
F(eD)Fen)e= "D m(ey,....en_1) - F(&D)F(en)e” (=D
m(et,...,en—1) m(e1,....en) - mier,...en) .

The root of induction is equation 5.42. This shows for all n > 1

F(E)F(en)e*a(”*l)

m(ela' e aen)

upp(Z(er,...en)) = (5.44)

This formula not only is more explicit, yet it exhibits time-reversal symmetry

for cylinders. By o-additivity, this property extends to arbitrary Borel sets.

5.21 Proposition. With assumptions of Proposition 5.20 one has for all pos-

itive paths ey, ..., e, of length greater equal zero in L1(A,ia)

npp(Z(er, ... en)) = ppp(Z(Em, .. 7).

Proof. Since m is defined by the measure of a stabilizer one gets m(ey,...,e1) =
m(ei,...,e,). The claimed property follows then directly with equation 5.44.
O

For an interpretation one should look at the edge-indexed graph (A,ia).
There the two geodesics eq,...,e, and €, ...e1 “traverse” the same geometri-
cal edges in opposite direction. In the oriented line graph, the corresponding

positive paths might have no vertices in common.

5.22 Example (No time-reversal symmetry). It seems an interesting ques-
tion, whether or not all Markov measures defined as in Proposition 5.19 share
this symmetry. An example of an irreducible graph, which is not unimodular
and breaks with the symmetry can be given. We take circo with the indexing

i([0,1]) = 2, i([1, 0]) = 3 and one elsewhere. With vector coefficients ordered as

)"

<=

[0,1],]0,1],[1,0], [1, 0] one has as stationary probability vector p = (%, %, %,
so that not even up,(Z([0,1])) = up,p(Z([0,1])).
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However for a Markov matrix M there may be a lot (or none) of stochastic
matrices vanishing where M vanishes. To find out more about the construction
of Markov measures here, two examples shall illustrate that different indexings
of the same graph can produce different Markov measures (Example 5.23) or

they may also yield the same measure (Example 5.24).

5.23 Example. A positive eigenvector for the matrix [R] to graph 1) in Fig-

ure 5.7 has been calculated in Example 5.17. The stochastic matrix P from

Figure 5.7: Two different star graphs with the same oriented line graph

1)

Proposition 5.19 can be calculated as (the base is supposed be ordered like

a,a,b,b,c,c)

01 0000
1 1
0020430
000100
P:1 1
$ 00040
0000O01
103000

T
Since this matrix is irreducible, it is easily seen that (%, %, %, %, %, %) is the
unique stationary probability vector for P.
For graph 2), the heuristic assumptions (from symmetry) F(b) = F(c) and

_ T
F(b) = F(¢) lead to the positive eigenvector F = (4,4)\, 222,03, 2)2, /\3) to
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the matrix [R] with eigenvalue A = v/1 + v/5. From there one obtains

01 0000
0 03 031 0
000100

P:
o> 0 0 0 0
000001
o> 0o 0 0 0

2

—1+v5
22 2

with 0 = 5 = the golden section. The stationary probability vector for

this matrix can be written as

1 T
p:2—0(2—a)(2,2,2+a,2+a,2+a,2+a) ,

T
which is about (0.138,0.138,0.181,0.181,0.181,0.181) .

5.24 Example. Star graphs have been defined in Example 5.17. If we assume
that i(e;) =1 and i(e;) = M > 2 for all i € {1,...,n}, then

T
(1,5,...,1,8)

is a strictly positive eigenvector for [R], with eigenvalue A = /(M — 1)(n — 1)
and s = 7. (See equation (5.36).) From Proposition 5.19 we obtain, that

the corresponding stochastic matrix is defined by

Pe,i,ej' = Pa}q = 0
Pog = 3x%0i;(M—-1) = 6
Pme, = 3i(1-6y) = (1-6&)%t = (1-6y)-5

for all ¢,j. For a fixed n > 2, the graphs produce the same stochastic matrix
for all M, hence the same Markov measure. The stationary probability vector

will be calculated in Example 5.27.

An indexing is of a graph A is called minimal, if i4(e) = 2 on edges e
whose origin is of degree one and ia(e) = 1 else. Minimality is a special case
of unimodularity. Edges with a border vertex of degree one are not part of
any closed reduced path, so by Lemma 2.4 the graph is unimodular. A special

feature of graphs with minimal indexing is

(5.45)



for all edges a,b € EA.

For every transitive Markov matrix M there is a distinguished Markov mea-
sure called the Parry measure, the construction of which is unique if M is
irreducible. It has a special meaning, since (for transitive Markov matrices) it
is the unique measure of mazximal entropy for the dynamical system (cf. [3],
Corollary 20.1.5). This measure also has an interpretation as the asymptotic
distribution of periodic orbits (confer [3], page 177).

The Perry measure is defined as follows [21]. If v is a strictly positive (nor-
malized, right) eigenvector of an irreducible Markov matrix M with eigenvalue

A > 0 then
v(b)
b Av(a)

defines a stochastic matrix. The corresponding Markov measure is called Parry

Pa,b = Ma

measure.

5.25 Proposition. If (A,ia) is a finite connected irreducible edge indexed
graph with minimal edge indexing, then the stochastic matrix of Proposition 5.19

defines the Parry measure.

Proof. Since i, is minimal we get [R] = M, hence F is an eigenvector also to
M with eigenvalue e and we can write

W F®
= R

[R]a,b = Ma7b
e
O

There is another convenient property of minimal indexings. One is saved
from solving for the stationary probability vector p of P (the value of the Haar
measure m(e) is not known in general). This gives a slight reduction of calcu-

lations.

5.26 Proposition. If (A,iax) is a finite connected irreducible edge indexed
graph with minimal edge indexing, then the probability vector for the stochastic

matriz defined in Proposition 5.19 is given (up to scaling) by
Pa := F(a)F(a),
where F is the strictly positive eigenvector of [R] to the eigenvalue e®.
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Proof. Since (A,i4) has minimal indexing, the stochastic matrix P defines the
Perry measure by the previous Proposition. The corresponding stationary prob-

ability vector is given [21] (up to scaling) by
Pa = UqVq,

where u is a left eigenvector and v is right eigenvector of the Markov matrix M.

One has M = [R]. Suppose F is a strictly positive right eigenvector of M,
then F' defined by F(a) := F(a) for all edges a € EA satisfies for all edges
ec EA

— (5.45)

F'M)e) = ¥ F(a)[Rla. > [RleaF (@)
ac€EA a€EA
= Y [ReaF(@ = RFE = eF@ = c"Fle)
acEA
= (Flev)(e).

This equation shows that F is a left eigenvector of M, thus p, = F(a)F(a) =
F(a)F(a) for all edges a € EA. O

5.27 Example (Star graphs with minimal edge indexing). (See
Figure 5.4 for a diagram of the graph.) Star graphs with minimal indexing and

n > 2 geometric edges (2n edges) have Parry measure and stationary probability

(3 m)
2n’" 7 2n

(Proposition 5.26). Example 5.17 shows a calculation of the positive eigenvector

[F] to the matrix [R].

vector given by

5.7 Ergodic properties

The connection properties of a graph (A,1i4) will be related to the ergodic prop-
erties of the topological Markov chain (P(L"(A,i4)), Lp) endowed with Markov
measures coming from the presented geometrical construction. The results will
also be apply to more general Markov measures, the ones of full support, where
non-empty cylinders in the shift space P(L*(A,i4)) have positive measure.

In this context, there has been gathered sufficient information in Chapter 2
on connection properties for finite connected edge-indexed graphs without dead

ends. Yet this last condition can be dropped. A bi-infinite geodesic g € G(A4,14),
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does not have dead ends in the edge sequence. So there is a subgraph A’ < A
having the same shift space G(A’,ia) = G(A,ia) (we choose igr =ia|gas) and
such that (A’,ia/) has no dead ends. In this sense we can consider the graph
(A’ ia/) instead of (A,is) without changing anything in the dynamical system.

Thus we assume that (4,14) is as in (2.4). The Markov matrix of the shift

space is given by

1 ifa,bis a geodesic in (A,ia)
Myp =

)

0 if a,b is not a geodesic in (A,i4).

In case the corresponding topological Markov chain (P(L*(A,i4)), Lp) shall
be equipped with a measure coming from the geometrical constructions on the
universal cover, written in sections 5.5 and 5.6, we have to assume, that (A,14) is
uni-modular. Then by Corollary 2.13 and by Proposition 5.16 there is a unique
strictly positive eigenvector [F] with eigenvalue e® for the matrix [R] given for

indices a,b € EA by

ia(b) if o(b) =t(a) and b#a
[R]a7b = lA(b) —1 ifb=a
0 otherwise.

This matrix was written in equation (5.28). There are exceptions only when
(A,i4) = (circn, 1), still in these cases strictly positive eigenvectors exist (confer
Example 5.18). If a strictly positive eigenvector [F] is fixed, the construction of

a measure can be carried out, writing for a,b € EA the stochastic matrix

Pan = e Rl

as justified in Proposition 5.19, as well as the stationary probability vector

F(@)F(a)

Pa = m(a)

as introduced in Proposition 5.20. The stochastic matrix P and its stationary

probability vector p satisfy naturally

Myp=1 <= PFP,p,>0
i i (5.46)
Pa >0

for all edges a,b € EA. This condition is equivalent with full support of the

Markov measure fip,p.
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In what follows, a graph (A4,14) is supposed to cope with (2.4). A stochas-
tic matrix P and a stationary probability vector p for P shall be chosen that
satisfy (5.46). This allows to write a Markov measure pp, on the shift space
P(LT(A,i4)) invariant under the shift operator Lp,s. This system shall be
abbreviated as (Lpos, ftpp)-

A consequence of (Mg = 1) & (P, > 0) for all a,b € EA is that for any
triple a,b € EA, n € N one obtains

(M")ap >0 <= (P")ep>0. (5.47)

The implication from the right-hand side to the left-hand side in shown in
equation (5.30). As for the converse direction, using the positive number m,, :=
min{P,p: Pop >0, a,bc EA}, one has 0 <mpM,;, < P, for all a,b € EA,
thus 0 < (M™),, implies 0 < (mpM)"q 5 < (P™)a,p by the same equation.

A square matrix B € RIFAXIEAl with non-negative entries is called irre-
ducible if and only if for all indices a,b € EA there is n € N such that
(B™)q,p > 0. The matrix B is called transitive if and only if there is n € N
such that (B™)s > 0 for all a,b € EA.

The classification of edge-indexed graphs is now prepared. An invariant
Borel probability measure p for a map Lp,s is called ergodic, if any invariant
Borel measurable set S satisfies u(S) = 0 or u(S) = 1. We had defined in
Section 2.4 the set of graphs

BG = {(cirey,i):i([j,j+1))=1,j € Zy,N € N}

U A{(ciren,i) :i([j,j +1]) =1,j € Zn, N € N}.

Theorem 5. Given an edge-indezed graph (A,ia) as in (2.4), a stochastic
matriz P and a stationary probability vector p for this matriz satisfying (5.46),
the dynamical system (Lpos, jipp) is ergodic if and only if (A,1a) ¢ BG.

If in addition (A,ia) is unimodular, then (Lpos, itpp) is ergodic if and only

if (A,ia) # (ciren, 1) for all N € N.

Proof. A series of equivalences gives the result. By Corollary 2.9, the graph
(A,ia) is not from BG if and only if it is a graph of NG. By Theorem 1,
the graph (A4,i4) is in NG if and only it is irreducible. This is the same as

demanding for each two vertices a,b of L1 (A,i4) the existence of a positive
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path of positive length from a to b. By Lemma 1.9.4 in [3] the number of paths
from a to b of length n are given by the number (M™),5. This shows that
(A,ia) is irreducible if and only if M is irreducible. This in turn is equivalent
to P being irreducible through equation (5.47). Finally by Theorem 1.2 in [21]
P is irreducible if and only if (Lpos, tpp) is ergodic.

Under the condition of unimodularity, the first two equivalences in the proof

can be replaced by Corollary 2.13. O

An invariant probability measure p for the map Lp, is called mixing if for
every pair of measurable sets B, C' the property lim p(BNf~"C) = u(B)u(C)
holds.

Theorem 6. Given an edge-indezed graph (A,ia) as in (2.4), a stochastic

matriz P and a stationary probability vector p for this matriz satisfying (5.46),

the dynamical system (Lpos, ip,p) is mizing if and only if (A,ia) # 1-@
n
for all n € N and there are two closed geodesics of coprime lengths in (A,ia).

If in addition (A,ia) is unimodular, then (Lpos, ftpp) is mizing if and only

if (A)ia) # 1@ and there are two closed geodesics of coprime lengths in
(Aa IA)

Proof. The proof is structured as the proof of Theorem 5. By Theorem 2, a
graph (A,i4) as in (2.4) is transitive if and only if the condition above holds.
We can argue as in Theorem 5 that transitivity of the graph implies transitivity
of M. Conversely, if M is transitive, then for some N € N holds (M%), ; > 0
for all a,b € EA. We have to show, that also (M *1),, > 0 for all @, b. One can
assume the opposite, (MN*1), . = S (M"N), M. = 0 for a pair a,c € EA.
As there are no dead ends in (A,iAg)7 one has My . > 0 for some V' € EA.
Now the equation 0 = (M™), y My . implies (M%), = 0 and contradicts
transitivity of M. The equivalence is complete. As a next step of the proof,
equation (5.47) shows that transitivity of M is equivalent with transitivity of
P. The demonstration is finished by Theorem 1.3 in [21] which states, that

(Lpos, tp,p) is mixing is and only is P is transitive? .

2The definition in [21] for a square matrix to be irreducible and aperiodic is equivalent
with our definition of a matrix to be transitive, which is also used in the book [3] of A.Katok
and B.Hasselblatt.
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In the case of unimodularity, the first step of the proof can be replaced by

Corollary 2.17. O

5.28 Example. In these examples we consider dynamical systems with shift
spaces P(LT(A,i4)) over a graph (A,is) and with shift operator Lp. The
dynamical system on a graph is supposed to carry a Markov measure pp, in

such a way that equation (5.46) is fulfilled.

e For the examples in Section 2.6 the questions for irreducibility and tran-
sitivity have been answered. A dynamical system on one of these graphs
is ergodic if and only if the graph is irreducible (Theorem 5). It is mixing

if and only if the graph is transitive (Theorem 6).

e Star graphs (confer Example 5.17) are trees. As shown in the last para-
graph of Example 2.6, trees are irreducible and not transitive. Thus the

dynamical system defined on a finite star graph is ergodic and not mixing.

e Considering the graph indicated in Figure 5.8 for n > 2, the dynamical

Figure 5.8: Diagram of a “fast star graph”

&

system exhibits a mixing property.
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Appendix A

Graphs

By definition, a graph A is called bipartite, if there are two subsets Xp, Xo of
the vertex set of A, such that VA is the disjoint union VA = X; U X5, and every
edge e € EA has a border vertex in each set X; and Xs.

There is a proof in [14], stating that a combinatorial graph A is bipartite, if
and only if there is no closed path of odd length in A. For our purpose we need

a slight generalization of this Theorem:

A.1 Corollary. A graph A is bipartite, if and only if there is no closed path of
odd length in A.

Proof. We make use of a quotient graph, the graph A’ derived from A by iden-
tifying all “multiple edges” to single ones. Before doing so, we have to exclude
the case of loops included in A. If the edge e is a loop, then A is not bipartite
because o(e) = t(e) and also e is a closed path of length one in concordance
with the statement.

If there are no loops, we define G := {g € Aut (4) : g(z) = z for all x €
VA}. Clearly G is a subgroup of Aut (A) as an intersection of vertex stabilizers.
G also acts without inversion on A. If there is an inversion given by h(a) = @,
then t(a) = t(@) = t(h(a)) = h(t(a@)) = t(@) = o(a) uncovers the edge a as a
loop. We can form the quotient graph A’ = G\ A with projection 7. Vertices of
A and A’ will be identified via .

The graph A’ is a combinatorial graph. A loop me in A’ would give t(e) =

m(t(e)) = t(we) = o(me) = w(o(e)) = o(e). This is a contradiction because A
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has no loops. If there was a circuit of length two in A’, say with positive edges
given by ma, b, then o(a) = m(o(a)) = o(wa) = t(wb) = w(t(b)) = t(b) as well
as o(b) = t(a). Then there is g € G with b = ga, hence 7b = Ta. But this is
impossible, as a circuit of length two is an isomorphic image of circ,.

The existence of a closed path of some length n in A implies the existence
of a closed path of length n in A’, since 7 is a morphism. The converse is also
true. By means of Lemma 1.29 a path ¢ in A’ gives raise to a path p (¢ = wop)
in A. If ¢ is closed, then p is closed by injectivity of m on vertices.

The proof is completed with the equations

hat hold for all edges e of EA. A bipartition for A’ is a bipartition for A, a

bipartition for A is one for A’. O
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Appendix B

Groups

Let G be a group (see for example [16] for an introduction). If S is a subgroup of
G we write S < G, which can mean equality as well. A right coset of S < G in
G is a subset of the form St C G for t € G. We write in short St for {st : s € S}.
The set of right cosets of S in G is denoted by

S\G.

A left coset of S in G is a subset of the form ¢S C G for some t € G (¢S = {ts:
s € S}). The set of left cosets of S in G is denoted by

G/S.

We say that ¢ is a representative of tS (and also of St).
If S is a subgroup of G, the indezx of S in G, denoted [G : S], is the number
of right cosets of S in G. By Theorem 2.7 in [16], the number of right cosets

1

is equal to the number of left cosets. Given x € G, a map g — xgz™ " is called

a congugation. Every conjugation G — G is a group-automorphism of G, in

particular a bijective map G — G [17].
B.1 Lemma. Suppose there are two groups H < G then
[G: H]=[sGs ' : HJ for all s € G.

Proof. We work with left cosets. We can write [sGs™! : H| = |[{gH : g €
sGs™} = |{gH : g € G}| = |G : H], the second equality because conjugation
by g € G defines a bijection on G. O
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B.2 Lemma. Suppose there are three groups H < G < L. Then
[G:H]=[sGs ' :sHs '] for all s € L.

Proof. We work with left cosets. Since a conjugation by s is a bijection on L,
it defines a bijection between subsets of L. Therefore |z{hH : h € G}z~!| =
[{hH : h € G}| and hence

[zGz~! : xHo ™1 = HgzHz=': g€ xGx~1}]
=the ™ hH2 Y h e G
= |z{hH : h € G}z
= G : HJ.
O

G acts on a set M by a homomorphism o« : G — Sy; from G to the
symmetric group on M (cf. [16]). Therefore we have bijections ag : M — M,

m — (a(g))(m) for all g € G and we write simply g(m) or gm instead of

(a(9))(m).
If G acts on a set M then for m € M the set Gm := {gm : g € G} is called

the orbit of m. The stabilizer of m is the subgroup
Gm ={geTl:gm=m}

of group elements fixing m.
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Appendix C

Metric spaces

A metric space (X,d) consists of a set X and a function d : X x X — R, with
the properties

(i) 0 <d(z,y) < oo for all z,y,
(ii) d(z,y) = 0 if and only if x =y,
(iii) d(z,y) = d(y, ) for all x and y,
(iv) d(z, z) < d(z,y) + d(y, 2) for all z,y, 2.

A sequence {z;}ien, in X is said to converge in X if and only if there is
xr € X such that for all € > 0 there is N € Ng such that for all n € Ny
d(zNtn,x) < €. {x;}ien, is called a Cauchy sequence if and only if for every
€ > 0 there is N € Ny such that d(zy1k,zn4;) < € holds for all k,1 € Ny.
A metric space is called complete if and only if every Cauchy sequence in X
converges in X.

An open ball of radius r € R about a point © € X is the set B.(z) :=
{y € X : d(z,y) < r}. The set of all open balls defines a topology for X (cf.
Appendix D).
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Appendix D

Topological spaces

We use to call a set of subsets of some set a family of subsets. Each element
of a family is called a member. A subset of a family is also called a subfamily.
A topological space is a set X in which a family 7 of subsets (called open sets)
has been specified with the following properties: X is open, () is open, the
intersection of any two open sets is open, and the union of of every subfamily of
7 is open. The family 7 is then called a topology. The topological space is also
written (X, 7). A subset C' C X is called closed if and only if X \ C is open.

A set N C X is called a neighborhood of an element z € X if and only if N
contains an open set to which x belongs. (X, 7) is called a Hausdorff space if
and only if distinct points of X have disjoint neighborhoods.

A family F C 7 of open set is called an open cover for some set Y C X if and
only if Y is included in the union of the members of F. A subcover of F for Y
is any subfamily of F, which is a cover of Y. A subset Y C X is called compact
if and only if each open cover of Y has a finite subcover. (X, 7) is called locally
compact if and only if each point of X has a compact neighborhood.

A base of (X, 1) is a family F of open sets, such that every open set is a

union of members of F.

D.1 Example (Bases). The family of open spheres of a metric space form a
base of a topology. This topology is called the metric topology (cf. [18] Chapter

4, Metric and Pseudo-metric Spaces).

Theorem 7 ([18], Theorem 1,11). A family B of sets is a base for some
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topology for the set X = |J B if and only if for every two members U and
BeB
V of B and each point x in U NV there is W in B such that © € W and

wcunvV.

In case there are more than one topology under consideration for a given
set X, say (X,7) and (X, o), we prefix all above introduced concepts by the
name of the meant topology. For example a set could be 7-open but may not
be o-open.

If Y € X and if o is the family of all intersections Y N U, with U € 7, then
(Y, 0) if a topology for Y, called the relative topology inherited from (X, 7). By
definition a set A C Y is g-open if and only if it is the intersection of Y with
a 7-open set. The same holds for closed sets (cf. [18], Chapterl, Relativation;

Separation).

D.2 Lemma. If {By}acr is a base for (X, 1), then Ay :=Y N B, defines the
members of a base for the relative topology of (Y, o) inherited from (X, ).

Proof. Given U o-open there is a 7-open set V such that U = Y N'V. Hence

V = |J Ba some index set J. Then
acJ

UzYﬂVzYﬂ(U Ba> =J(nBa) = 4a

acJ acJ acJ

O

To prove compactness for some subset Y C X it is sufficient to consider open
covers by members of some base of (X,7): If B is a base for the topology of a
space X such that every open cover of Y by members of B has a finite subcover

for Y, then Y is compact (cf. [18] page 139).

D.3 Lemma. Suppose Y C X and (Y,0) has the relative topology inherited
from (X,7). If K CY is T-compact, then K is o-compact.

Proof. A 7-base {B,} gives raise to a o-base {A4,} by Lemma D.2. We con-
sider an open cover for Y N K by members of the o-base {Agipha }acs for some
index set J. {Buipha}acs is a T-cover for K, hence has a finite subcover, say

B(),...,B(n).
K=KNY C(B)U...,B(n)NY = A(1)U...UA(n)
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show o-compactness of K. O

For completeness, two more terms need to be introduced. A map F' from a
topological space A to a topological space B is called continuous, if the preim-
age of any open set is an open set. A group with some topology is called a
topological group, if the group operations g — g~! and (g, h) — gh are continu-
ous. The topology of the domain of the second map is taken to be the product
topology. This topology will be described, where necessary, through a base (see
also [18],[19]).
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Appendix E

Measures

Most terms concerning measures are taken from Halmos [22].

A ring of sets is a non empty family R of sets such that if ¥ € R and F' € R,
then FEUR € R and E\F € R. A o-ring is a non empty class S of sets
such that

a) if E€Sand F € Sthen E\ F €8S, and
b) if £, €S,i=1,2,..., then UjilEZeS

The o-ring S(E) generated by any family E of sets is the smallest o-ring con-
taining E.
A set function is a function whose domain of definition is a family of sets.
A function whose range is R U {oco} is called an extended real valued function.
An extended real valued set function p defined on a class E is called countably
additive, if, for every sequence {E,},en of disjoint sets in E, whose union is
also in E, we have
oo )
1 <U En> = wE).
n=1 n=1
A measure is an extended real valued, non negative, and countable additive set
function p, defined on a ring R, such that u(@) = 0. The set |J F is called
the measure space of u, the sets of the the ring R are called me]é;?mble sets.
A map [ from a measure space X to a measure space Y is called measurable
if f~Y(E) is measurable for all measurable sets of Y. In case Y = X, the
measure y is called an invariant measure for f if p(f~H(E)) = p(E) for all

measurable sets E.
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Suppose X is a locally compact Hausdorff space, C is the family of all
compact subsets of X and S the o-ring generated by C. The members of S
are called the Borel sets of X. A Borel measure is a measure p defined on the

family S of all Borel sets and such that
u(C) < oo (E.1)

for all compact sets C' € C.

A Haar measure is a Borel measure y in a locally compact topological group
X, such that
w(U) >0 (E.2)

for every non-empty open Borel set U, and pu(zFE) = pu(E) for every Borel set
E and all group elements z € X.
Since we will not make use of the term regular a weaker version of a Theorem

from [22] will suffice our purposes.

Theorem 8 (Halmos, Theorem 58,B). In every locally compact topological

group X there ezists at least one Haar measure.
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